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Abstract
This thesis investigates the application of 2D periodic arrays of passive elements for
future millimetre and nanometre waves antenna applications, and aims to provide
guidelines for researchers dealing with the electromagnetic response of this type of
structures in next generation communication systems.
Novel configurations are here reported driven by the power requirements at each
frequency band, as well as adapted analysis methods for its synthesis and analysis.
All-dielectric structures based on form-birefringence and gradient index optics are
considered in the first part of this dissertation, for their application to highly di-
rective circularly polarised antennas for transmission and reception of high power
millimetre waves. Higher frequency nanometre waves are the focus of the second
part, where the utilisation of 2D arrays of metallic nanoparticles as building blocks
for optical leaky wave and magnetic antenna systems is thoroughly studied.
This thesis was fully funded by EPSRC and the School of Engineering and Physical
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Introduction
1.1 Introduction to periodic arrays
Periodic structures play a key role in physics and engineering due to their wide
applicability and theoretical importance [1]. They are frequently encountered as
filters [2–4], polarisers [5–7] and polarisation rotators [8–10], in imaging [11–13],
sensing [14–16], cloaking [17,18] and energy harvesting systems [19,20], among other
interesting applications.
Of particular relevance is their role in antenna engineering, where arrays of radiating
elements placed along a straight line, a 2D plane or in a conformal distribution can
dramatically alter the antennas radiation pattern [21]. For instance, such arrays are
often used to enlarge the electrical size, providing higher directivity values than the
individual elements; a sought-after feature for long range communications. Examples
of this are some Leaky-Wave (LW) [22,23], microstrip [24,25] and reflector antennas
[26, 27].
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In addition, arrays o↵er extra degrees of freedom for tailoring the radiation charac-
teristics. Controlling the separation between the elements of the array, the overall
geometrical configuration, and/or the excitation (phase and amplitude) of the indi-
vidual elements, broadens the range of specifications that can be met. For exam-
ple, arrays of antennas o↵er enhanced beam-forming and beam-steering capabilities,
adding more flexibility to signal transmission and reception [28,29].
Having seen that periodic arrays can contribute to improving signal transfer, it is
worth considering the broader scenario in which they operate. The discussion in the
next section will put forward the motivation behind this thesis.
1.2 Motivation for the work
The range of services provided by telecommunication companies is continuously
evolving, and so are the specifications for guaranteeing the su cient quality of ser-
vice. In this sense, current applications, e.g. multimedia and/or interactive, are
much more demanding than traditional voice transfer; a problem expected to worsen
even further in the future (e.g. 8K ultra HD video streaming will require higher data-
rates than current standards). To satisfy these needs, increasing e↵orts are being
made for migrating the operating frequencies of next generation communication sys-
tems towards less saturated higher frequency bands of the electromagnetic spectrum.
Novel technologies must be envisaged for accommodating antenna systems to this
change.
The focus of this thesis is the study of 2D periodic arrays of passive elements for
high frequency antenna applications, contributing to the development of future an-
tenna systems. Even if the theory behind their general analysis and design is well
known, this thesis aims to provide guidelines for researchers dealing with the elec-
tromagnetic response of 2D periodic arrays in both the mm- and nm- wavelength
range. With the background and motivation laid out above, novel configurations and
adapted analysis methods will be presented in the coming chapters, driven by the
requirements of each frequency band, which will also be discussed in the following.
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1.3 Outline of the thesis
The uniqueness of this thesis lies on the consideration of the electromagnetic prop-
erties of periodic arrays at two di↵erent frequency regimes for their application
to future antenna systems. Understanding the physics behind the excitation and
scattering response of mm- to nm-scale gratings is crucial and complex, as the elec-
tromagnetic response of the materials employed is generally frequency dispersive
and may be dramatically di↵erent depending on the range at hand. For instance,
whereas metals resemble perfect conductors in the mm-scale, their response to nm-
waves is better described by a complex dielectric function. Similarly, the power
handling requirements for typical mm-wave applications (e.g. satellite links) and
those operating in the nm-scale (e.g. nano-antennas) di↵er by orders of magnitude.
Per these considerations, this thesis has been structured in 7 chapters, including this
introductory one, which can be grouped in two main parts; mm-waves are considered
in chapters 2 and 3, whilst chapters 4-6 deal with nm-waves.
The first part of the thesis (chapters 2 and 3) focuses on mm-waves all-dielectric
gratings. The literature dealing with all-dielectric gratings is rapidly growing, as
suggested by Fig. 1.1. The number of publications, Fig. 1.1(a), and citations,
Fig. 1.1(b), indexed in the Web of Science Core Collection [30] within the last
20 years, which include “all-dielectric” and “array” as topic terms, increased 4-fold
between 2013 and 2015. This indicates the large interest this topic is attracting
from the scientific community.
The singularity of this type of gratings, and the ultimate responsible for their in-
creasing popularity, is that they can handle substantially higher powers than their
metallic counterparts [31, 32], whilst addressing oxidation and corrosion problems
typically associated with metals [33]. The breakdown field strength of air is 3MV/m,
and for typical dielectrics such as Polytetrafluoroethylene (PTFE) or Polystyrene, it
is in the 19MV/m range [34]. Therefore, the application of all-dielectric structures
to antenna systems could be beneficial for long-range links typical, for instance, of
satellite communications. Nonetheless, in some occasions, metallic gratings could
outperform all-dielectric solutions, e.g. in terms of losses or cost, and depending on
the specifications may be preferable.
Form-birefringent all-dielectric waveplates will be synthesised in chapter 2, where
3
Figure 1.1: Citation report reproduced from Web of Science Core Collection reflecting
(a) published items and (b) citations to source items per year [30]. Only the 20 latest
years are displayed. The search criteria was based on the following TOPIC terms: “all-
dielectric” and “array”. Date: 15th September 2016.
the necessary theoretical framework will also be presented and discussed in thorough
detail. Such novel waveplates are based on periodically cascading two homogeneous
dielectric media and will find application as high purity low-loss polarisation con-
verters, as will be suggested by the measurements reported. Lastly, a technique
for increasing the bandwidth of operation of the converters, based on a multi-layer
configuration, will be proposed for the first time and supported by experimental
results. This innovative solution may provide an e↵ective route towards achieving
polarisation conversion without the need of complex feeds or additional circuitry,
additionally benefiting from straightforward fabrication processes.
Motivated by the lack of compactness of the waveplates designed in chapter 2, a novel
Gradient Index (GRIN)-based waveplate combining minimised Insertion Loss (IL)
and reduced lateral dimensions will be reported in chapter 3. A simple adaptation
of a classical transfer matrix formalism will be used to analyse its electromagnetic
response. A potential implementation consisting of a 7-layered discretisation, will
also be considered as a possible manufacturing approach, in preparation for a future
practical realisation.
The second part of chapter 3 will comprise the integration of a conformal form-
birefringent waveplate with a hemispherical Luneburg Lens (LL) to produce a com-
pact circularly polarised lens antenna with remarkable beam-steering capabilities.
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Such hemispherical Circular Polarisation (CP) lenses have never been proposed be-
fore. Nonetheless, the results of our initial study will suggest that this type of
all-dielectric solutions hold promise for high power and robust CP long-range signal
transfer.
The second part of this thesis (chapters 4-6) will analyse the electromagnetic re-
sponse of 2D periodic metallic arrays operating at nm-waves, driven by the current
need of increasing control over the radiation characteristics of optical sources. The
design principles used for engineering similar structures at lower frequencies will be
revisited to accommodate the fundamental di↵erences in the response of materials
within the nm-frequency range.
Along these lines, a Near Infrared (NIR) Partially Reflecting Surface (PRS) con-
sisting of a planar 2D periodical distribution of metallic nano-patches will be de-
signed in chapter 4 to be used as part of a novel miniaturised Fabry-Pe´rot (FP)
LW nano-antenna. Our simulations will show that the high directivity and nar-
row beam-width typical of mm-waves LW antennas are maintained at the nm-scale,
making this type of nano-antennas suitable for enhancing the extraction e ciency of
optical sources. The design principles followed for designing the nano-antenna will
also be summarised, emphasizing the main di↵erences with respect to the operation
of similar antennas at lower frequencies. Among these, it will be shown that the
existence of unexpected bands of minimum reflectivity in the angular response of
the PRS, which will be attributed to the plasmonic Brewster angle and/or localised
Edge Plasmons (EPs), is particularly important as they may hinder the radiation
characteristics of the nano-antenna.
EPs, as those supported by the PRS that forms part of the LW nano-antenna pre-
sented in chapter 4, will be the focus of chapter 5. There, the Localised Surface
Plasmons (LSPs) supported by nano-rods, nano-disks and nano-rings will be thor-
oughly investigated, both for isolated nano-particles and when arranged forming
2D arrays. Whereas the literature dealing with this type of nano-particles is large,
most of the published studies either focus on isolated particles, or limit to normal
incidence plane-wave excitation. For their use as PRSs in LW nano-antennas, the
response of 2D arrangements to obliquely incident radiation must be fully under-
stood. A comprehensive analysis of the modes arising in such scenario was lacking
in the literature and will be presented here. Three di↵erent types of modes will be
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identified: a) cavity modes related to waveguide modes, b) EPs highly concentrated
to the nano-particles ridges and c) FP modes. The latter are of particular interest
since they can produce very high electric and magnetic field enhancements, strongly
resembling magnetic loop antennas. As such, 2D periodic arrays of nano-disks or
nano-rings could be envisaged as building blocks for future magnetic nano-antenna
systems.
In chapter 6, the study will be extended to consider arrays of apertures on metallic
films. Hole-arrays are particularly well known for exhibiting Extraordinary Optical
Transmission (EOT). The first part of the chapter will focus on the study of EP-
Whispering Gallery Modes (WGMs). Such modes, which will o↵er very narrow line-
widths and high sensitivity to environmental changes, both promising features for
high performance sensing, had not been reported to date.
Propagating Surface Plasmon Polaritons (SPPs), which can coexist with the local-
ized modes, will be considered in the second part of the chapter, which comprises the
derivation of a simple and accurate approximated analytical solution to the disper-
sion relation of Short Range (SR-) SPPs supported by thin metallic films embedded
in asymmetric dielectric environments. Such a solution will be subsequently applied
to calculate the frequencies at which light couples to SR-SPPs in hole arrays, and
shows potential for simplifying and speeding up the design of the rapidly increasing
number of SR-SPPs based devices.
Finally, the conclusions drawn from this thesis will be presented in chapter 7.
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If you wish to make an ap-
ple pie from scratch, you must
first invent the universe.
Carl Sagan
2
Dielectric gratings as linear-to-circular
polarisation converters
2.1 Introduction
The demand for continuous broadband connectivity has greatly increased in the last
decade. Satellite communications have become the most appropriate infrastructure
to support these needs in secluded locations (e.g. rural, suburban and remote areas)
or mobile platforms such as aircraft, ships and land-based vehicles, complement-
ing the more traditional terrestrial networks. Furthermore, the range of services
o↵ered by telecommunication providers has grown exponentially. New multimedia
applications such as video-conference, interactive video-streaming, telemedicine, and
distance learning require higher transmission capacity, carrier frequencies and recon-
figurability than conventional voice and data transfer services. As a result, satellite
communication systems are migrating towards less saturated frequency bands, such
11
as the Ka- (26.5–40 GHz) and Q/V-bands (35–75 GHz), allowing relatively wide
frequency bandwidth and large channel capacity. However, data transmission at
such high frequencies sets an extremely challenging landscape for the design of re-
liable propagation links. For instance, tropospheric propagation of electromagnetic
waves in this frequency range is highly susceptible to precipitation and other meteo-
rological events, which may produce random rotations of their polarisation state [1].
In that case, the signal originally intended for transmission in a certain state, Co-
Polarisation (CoP), su↵ers partial or total power conversion into the orthogonal one,
Cross-Polarisation (XP). Under these conditions, maximum power transfer between
the antennas at both ends of the communication link is inhibited due to the polari-
sation mismatch. Combining antennas with Linear Polarisation (LP) and Circular
Polarisation (CP) in the same link may alleviate this problem. Likewise, it may also
prevent signal fading when antennas at both ends are misaligned. All this makes
CP particularly suitable for applications where the user terminals are movable, such
as in Global Positioning Systems (GPS).
Traditionally, CP has been obtained using radiators with non-canonical shapes
and/or complicated feed configurations [2–5]. A simpler alternative consists in plac-
ing a polarisation converter operating in the transmit mode in front of a LP antenna,
or integrating the converter with a metallic Ground Plane (GP) when operating in
reflection. Polarisation converters are commonly encountered in satellite commu-
nication links [1, 6]. Likewise, they are essential components in a wide variety of
applications within the Radio Frequency (RF) and microwave frequency bands of
the electromagnetic spectrum [7–9]. Among these, their role in millimetre (mm) and
sub-mm imaging systems for concealed weapon detection [8], environmental mon-
itoring [10] and as isolators for protecting amplifiers [11], is particularly relevant.
Nonetheless, it is in the optical range where polarisation converters –more usually
referred to as waveplates in this context– have become more popular, forming part of
a myriad of optical systems. These include wavelength division multiplexers [12,13],
filters [14], polarimetry systems [15, 16] and displays [17], among others.
There are several alternatives to realise optical waveplates. Photonic metamaterials
[18], chiral-nematic liquid-crystal films [19], or even light-emitting (active) glassy
liquid-crystals [20] are among them. Here, we will focus on a more traditional
approach involving birefringent uni-axial crystals [21,22]. Birefringence is the optical
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property of a material having a refractive index that depends on the polarisation
and propagation direction of light. Crystal birefringence arises from directionality
of its crystalline structure, which results in anisotropic (directionally dependant)
refractive indexes. In the simplest case, anisotropy is uni-axial, i.e. governed by a
single direction: the optic axis [22]. Light propagation through uni-axial crystals is
di↵erent along the optic axis than in other possible directions. Usually, waveplates
are built by cutting the crystal so that the optic axis is parallel to the input and
output interfaces. This results in the formation of two axes: one perpendicular to the
optic axis (the extraordinary axis), and another one parallel to it (the ordinary axis).
The mechanism behind polarisation conversion can be very intuitively understood by
considering light as the result of the superposition of two orthogonal components, one
along the ordinary axis (the ordinary ray) and another one along the extraordinary
axis (the extraordinary ray). Since these two rays propagate with di↵erent phase-
velocities, one will be phase-shifted with respect to the other upon transmission.
As a result, the polarisation state at the output may be di↵erent to that at the
input. By controlling the thickness and orientation of the waveplate, as well as the
frequency of operation, the phase-delay introduced can be tailored to specific values,
thus customizing the change in polarisation state.
Although there is a wide variety of crystals exhibiting birefringence in the optical
range (e.g. calcite or quartz) [22], the level of birefringence available in natu-
ral media is very limited at lower frequencies. This makes the practical realisa-
tion of waveplates very challenging in the mm and sub-mm regimes. However,
increased birefringence can be realised artificially at a much larger scale, form bire-
fringence [21]. Frequency Selective Surfaces (FSSs) [10], anisotropic High Impedance
Surfaces (HISs) [23] or lamellar gratings [9] may be sources of form birefringence and
have been proposed to operate as polarisation converters. Most of these structures
involve metallic gratings which usually su↵er from power handling issues, oxida-
tion and corrosion problems [24]. Furthermore, as the operating frequency band
increases towards the Ka- or Q/V-band, the etching of the metallic layers becomes
more expensive and critical, complicating substantially the fabrication process. The
all-dielectric polarisation converters proposed in this chapter may overcome these
limitations.
The outline of this chapter is as follows. Polarisation of electromagnetic waves and
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its classification are introduced in section 2.2, together with the ratio used for dis-
criminating among them. Isotropic and anisotropic media are introduced next, in
section 2.3. There, it will also be shown how anisotropic media shall be synthesised
using particular periodic arrangements of isotropic materials and their permittivity
tensors retrieved via homogenization. Propagation through such form birefringent
systems can be described by several analytical methods, an overview of which is
available in section 2.4. Note that, although the three techniques analysed there –
Jones’ calculus, a transfer matrix method and Berreman’s formalism– may be more
commonly encountered in optics, they are equally valid in the microwave range. In
section 2.5, all-dielectric form birefringent quarter- and half-plates are analytically
synthesised and validated both via simulations and experimentally [J1, C1]. As dis-
cussed in sections 2.5.2 and 2.5.3, respectively, the quarter-plate exhibits excellent
LP-to-CP polarisation conversion performance, whilst the half-plate acts as an e -
cient XP converter. In section 2.5.3, a technique for increasing the bandwidth of the
converters, based on cascading waveplates with tailored thickness and orientation,
is presented and validated experimentally by combining the previous quarter- and
half-plates [J2]. Finally, the conclusions are summarized in section 2.8.
2.2 Polarisation of electromagnetic waves
The polarisation of an electromagnetic wave is given by the direction of its E-field.
In general, when an electromagnetic wave propagates through an isotropic, homo-
geneous, source-free medium, the tip of its real time varying E-field vector traces
an ellipse in a plane transverse to propagation. In this context, the wave is said to
be elliptically polarised. LP, in which the E-field oscillates back and forth along a
given direction, and CP, in which its tip traces a circle, may be simply understood
as special cases of elliptical polarisation.
Without loss of generality, an electromagnetic wave propagating in the  ⇢ˆ direction
is considered, Fig. 2.1. Its E-field may be decomposed in two orthogonal components
~E = E✓✓ˆ + E''ˆ which are given by
E✓ = E✓0 exp [j(!t  k⇢⇢+  ✓)] (2.1)
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Figure 2.1: Schematic representation of an electromagnetic wave propagating in the  ⇢ˆ
direction of an spherical coordinate system. Inset: tilted polarisation ellipse.
E' = E'0 exp [j(!t  k⇢⇢+  ')] . (2.2)
In general, the polarisation ellipse of such a wave is not aligned with the coordinate
axes, but tilted an angle  as shown in the inset of Fig. 6.13. The tilt angle can be
obtained as
 =
1
2
tan 1
✓
2E✓0E'0
E2✓0   E2'0
cos  
◆
, (2.3)
where   =  ✓  ' represents the phase-di↵erence between both E-field components.
Additionally, the major OA and minor OB axes of the ellipse can be written as [25]
OA =

1
2
⇣
E2✓0 + E
2
'0 +
p
G
⌘  12
, (2.4)
OB =

1
2
⇣
E2✓0 + E
2
'0  
p
G
⌘  12
, (2.5)
where G = E4✓0+E
4
'0+2E
2
✓0E
2
'0 cos (2 ). The polarisation ellipse, and therefore the
polarisation state of its corresponding electromagnetic wave, is completely charac-
terised by (2.3) and the ratio between (2.4) and (2.5). This Axial Ratio (AR)
AR = 20 log
OA
OB
, (2.6)
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tends to 1 (in log-scale) for LP waves, whilst in the case of CP waves, AR =
0 dB. Anything in between this two values corresponds to elliptical polarisation.
Therefore, the AR can be used to measure the purity of CP.
2.3 Anisotropic media
The response of a linear and homogeneous medium to electromagnetic radiation is
described by its relative permittivity ✏ and relative permeability µ which are defined
by the constitutive relations
~D = ✏ ~E, (2.7)
~B = µ ~H, (2.8)
which relate the electric and magnetic fields, ~E and ~H, with the electric displace-
ment, ~D, and magnetic induction, ~B. Note that the above equations are in gaussian
units, i.e. ✏0 = µ0 = 1 where ✏0 and µ0 stand for the free-space permittivity and
permeability, respectively.
However, anisotropic dielectric materials cannot be described in terms of a simple
permittivity parameter. Instead, each component of ~D may be a function of every
component of ~E, and the relationship (2.7) must be replaced by the following three
equations [21]
Dx = ✏xxEx + ✏xyEy + ✏xzEz, (2.9)
Dx = ✏yxEx + ✏yyEy + ✏yzEz, (2.10)
Dx = ✏zxEx + ✏zyEy + ✏zzEz. (2.11)
The nine permittivity terms in (2.9)-(2.11) form a second rank tensor of the form
✏˜ =
26664
✏xx ✏xy ✏xz
✏yx ✏yy ✏yz
✏zx ✏zy ✏zz
37775 , (2.12)
and (2.9)-(2.11) may be expressed in a more compact notation as
~D = ✏˜ ~E. (2.13)
Similarly, the magnetic induction in tensor form reads
~B = µ˜ ~H, (2.14)
where µ˜ simplifies to the identity matrix in our case.
2.3.1 Form birefringence and e↵ective medium approxima-
tion
Crystal birefringence may be explained in terms of anisotropy at the atomic level.
However, anisotropy may also arise at larger scales, e.g. when considering arrange-
ments of similar isotropic particles whose dimensions are much smaller than the free-
space wavelength. This artificial birefringence is known as form birefringence [21].
A simple example of form birefringence is considered in the following. The structure
under investigation is shown in Fig. 2.2. It consists of a 1D periodic assembly of thin
planar sheets made of isotropic dielectrics with permittivity values ✏1 and ✏2, and
widths w1 and w2. In the metamaterial regime, i.e. when the period is much smaller
than the wavelength (w1 + w2 ⌧  ), the electromagnetic characteristics of such a
structure can be described using an E↵ective Medium Approximation (EMA) [21].
In this case, electromagnetic waves interact with the assembly as they would with a
bulk homogeneous e↵ective medium. Note that the equivalent medium is uni-axial,
i.e. there is one privileged direction defining the optic axis of the crystal.
In the simplest case, the waveplate has its optic axis aligned with the coordinate
axes. In this scenario, the dielectric tensor of the e↵ective medium is diagonal. A
waveplate with its optic axis parallel to the x-axis is depicted in Fig. 2.2(a). The
permittivity tensor in this case is
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Figure 2.2: (a) All-dielectric form birefringent waveplate whose optic axis is parallel to
the x-axis. The dielectric stack extends to infinity in the yˆ-direction and is repeated peri-
odically along xˆ. An incoming plane-wave propagating along zˆ whose E-field is contained
in the xy-plane forming an angle ↵ with the x-axis impinges the structure. (b) Front view
of a waveplate whose optic axis is rotated anticlockwise an angle  i about the z-axis.
✏˜ =
26664
✏xx 0 0
0 ✏yy 0
0 0 ✏yy
37775 . (2.15)
The values of ✏xx and ✏yy may be obtained by considering a normal incident plane
wave with E-field ~E = Exxˆ+Eyyˆ impinging the structure. From (2.13) and (2.15),
the electric displacement obeys
Dx = ✏xxEx, (2.16)
Dy = ✏yyEy. (2.17)
These two components can be studied separately.
Initially, only the displacement produced by Ex is considered, Eq. (2.16). In the
absence of charges, the boundary condition at the discontinuity between the two
dielectric media can be derived from Gauss’ law. This is, the normal component
of ~D must be continuous across the interface. Hence, it must have the same value
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inside the medium with ✏1 than in that with ✏2. Mathematically, the latter condition
can be written as
Dx = E1✏1 = E2✏2, (2.18)
being E1 and E2 the x-field components of the E-field in each medium. The e↵ective
Ex can be obtained as the average of this two
Ex = E1f1 + E2f2, (2.19)
being f1 and f2 the fractions of volume occupied by the medium with ✏1 and ✏2
respectively, i.e. f1 = w1/(w1+w2) and f2 = 1  f1 . Substituting (2.18) and (2.19)
in (2.16), the e↵ective permittivity encountered by the x-polarised component may
be obtained. This is
✏xx =
✓
f1
✏1
+
f2
✏2
◆ 1
. (2.20)
Similarly, ✏yy can be calculated by independently considering the response of the
structure to Ey which is given by (2.17). From Stokes’ theorem it follows that the
tangential components of the E-field must be continuous across the interface between
the two dielectrics. This is
Ey = E1 = E2, (2.21)
where E1 and E2 correspond to the y-components in this case. In this scenario, the
e↵ective electric displacement may be obtained via averaging
Dy = D1f1 +D2f2. (2.22)
Finally, the permittivity ✏yy can be calculated by substituting (2.21) and (2.22) in
(2.10)
✏yy = f1✏1 + f2✏2. (2.23)
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The relation ✏yy > ✏xx can be used to identify the fast and slow axes of the structure
–where fast and slow refer to phase velocity– with the x- and y-axis, respectively.
The more general case in which the optic axis of the waveplate is arbitrarily oriented
in the XY plane is depicted in Fig. 2.2(b). Specifically, the waveplate has been
rotated an angle  i about the z-axis. In this situation, the e↵ective permittivity
tensor can be obtained from (2.15) via the rotation matrix [26]
R˜( i) =
26664
cos( i)   sin( i) 0
sin( i) cos( i) 0
0 0 1
37775 , (2.24)
as ✏˜( i) = R˜( i)✏˜R˜(  i) which produces the following permittivity tensor
✏˜( i) =
26664
✏xx cos2( i) + ✏yy sin
2( i) (✏xx   ✏yy) cos( i) sin( i) 0
(✏xx   ✏yy) cos( i) sin( i) ✏xx sin2( i) + ✏yy cos2( i) 0
0 0 ✏yy
37775 . (2.25)
2.3.2 Second order e↵ective medium approximation
The expressions describing the e↵ective permittivity values (2.20) and (2.23) are only
valid when the period of the structure is deeply subwavelength. This is due to their
derivation involving field averaging which is only meaningful for small variations of
the field when the wave propagates distances of the order of the period along any
arbitrary direction [27]. Rytov derived a more rigorous second order approximation
to describe the e↵ective permittivity values which include not only the physical
properties of the structure but also the wavelength of operation,   [27], leading to
frequency dispersive homogenised materials. The e↵ective permittivity values in
this case can be calculated as
✏2ndxx = ✏xx +
1
3

w1 + w2
 
⇡f1f2
✓
1
✏1
  1
✏2
◆q
✏xx✏3yy
 2
, (2.26)
✏2ndyy = ✏yy +
1
3

w1 + w2
 
⇡f1f2 (✏1   ✏2)
 2
, (2.27)
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Figure 2.3: E↵ective permittivity estimated using the 1st order and 2nd order EMA
when two dielectrics with relative permittivity values ✏1 = 1.21 and ✏2 = 2.77 are stacked
as in Fig. 2.2(a). The widths of the layers are (a) w1 = 0.95 mm ans w2 = 0.8 mm, and
(b) w1 = 1 mm ans w2 = 1.6 mm.
where ✏xx and ✏yy are given by (2.20) and (2.23), respectively. Note that this 2nd
order approximation is still limited to subwavelength periodicities but is valid in a
broader frequency range, as long as w1 + w2 <  .
An example of the results obtained by homogenising the structure in Fig. 2.2(a)
via the first and second order approximations is depicted in Fig. 2.3. Two di↵erent
combinations of materials are considered and the results presented in Fig. 2.3(a)
and 2.3(b), respectively. As can be seen, the values retrieved using both approxima-
tions are approximately equal at low frequencies for the two combinations studied.
However, as the frequency shifts towards higher values, they increasingly deviate.
Di↵erences are more significant for the case shown in Fig. 2.3(b) than in Fig. 2.3(a),
due to the longer periodicity employed in the former case.
2.4 Propagation through stratified anisotropic me-
dia
Propagation through dielectric stratified media can be described using di↵erent an-
alytical models. In this thesis, three di↵erent models namely Jones’ calculus, a
Transfer Matrix Method (TFM) and Berreman’s calculus have been analysed; a
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summary of them is given in this section. Jones’ calculus (section 2.4.1) is the pre-
ferred analytical model if only the polarisation state is of interest. The TFM yields
more realistic results by considering reflections at the various dielectric interfaces at
the expense of a higher analytical complexity. The TFM presented in section 2.4.2
neglects power conversion between XP components. Hence, it is valid only if the
media can be described as in (2.15). The more general model, Berreman’s calculus,
is explained in section 2.4.3. This formalism widens the range of eligible materials
by including randomly oriented anisotropic media described by (2.12). Nonetheless,
it is considerably more convoluted incurring increased computational costs.
2.4.1 Jones’ matrices
The polarisation state of a coherent electromagnetic wave such as that shown in
Fig. 2.1 can be represented in a phasor form via its Jones’ vector [22]
E¯in =
24E✓0ej ✓
E'0ej '
35 . (2.28)
Jones’ calculus allows to easily estimate the e↵ect that certain structures (e.g. wave-
plates) cause in the polarisation state of a wave propagating through them by means
of a simple multiplication. As an example, we initially consider the case of propa-
gation through a waveplate whose optic axis is tilted anticlockwise by an angle  i,
Fig. 2.2(b). The Jones’ matrix of such a waveplate is [28]
J( i,  i) =
24A B
B A⇤
35 , (2.29)
with A = cos ( i/2) + j cos(2 i) sin ( i/2) and B = j sin(2 i) sin ( i/2) and  i rep-
resenting the phase-delay introduced upon transmission. In analogy to traditional
waveplates,  i can be estimated from the product of the thickness ti and the di↵er-
ence between the propagation constants
 i = ti(
p
✏yy  p✏xx)!
c
. (2.30)
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...
Figure 2.4: Schematic representation of a system consisting of N combined waveplates
with di↵erent retardations  i and orientations  i through which a plane-wave propagating
along  ⇢ˆ propagates.
Finally, the polarisation state at the output can be calculated as [26]
E¯out = J ( i,  i) E¯in. (2.31)
More interestingly, Jones’ equivalence theorem states that a system containing any
number of retarders and rotators behaves, in terms of polarisation, as a simpler
equivalent system consisting of a single retarder and a single rotator [26]. This
allows to easily model propagation through multiple elements by means of an equiv-
alent Jones’ matrix, Jtot, which is given by the multiplication of the matrices of the
individual elements. In particular, for a system consisting of N rotated waveplates
as that shown in Fig. 2.4, Jtot reads
Jtot =
N 1Y
i=0
J ( N i,  N i), (2.32)
where i indexes the layers and the individual Jones’ matrices can be obtained using
(2.29). Finally, the polarisation state after transmission through the system can be
computed from
E¯out = JtotE¯in. (2.33)
2.4.2 Transfer matrix formalism
Reflections, which are neglected in Jones’ formalism, can be accounted for using the
TFM presented next. This TFM assumes that the permittivity tensors of all the
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Figure 2.5: Electromagnetic wave propagation through a stratified dielectric medium
when ✓ = 0°
materials involved are diagonal. Thus, it is only accurate if all the successive wave-
plates in Fig. 2.4 are axis aligned. Arbitrarily rotated o↵-axis aligned waveplates as
those illustrated in Fig. 2.4 are not well described by such a simple TFM.
A normal incident wave propagating towards +zˆ whose E-field is ~Ein = Exxˆ+ Eyyˆ
propagating through a 1D stack of i = 0, ..., N isotropic dielectric layers with thick-
ness ti and refractive index ni is considered, Fig. 2.5. All the materials are assumed
to be non-magnetic (relative permeability µi = 1). Hence, the permittivity and the
refractive index are directly related via ✏i = n2i 2 R. For a stack of birefringent
media, the values of ✏i are polarisation dependent. In particular, in the Ex case,
✏i = ✏ixx, whilst for Ey it is given by ✏i = ✏
i
yy. Hence, the problem at hand can be
significantly simplified by treating each polarisation separately.
The multilayer structure in Fig. 2.5 can be regarded as a two port system for which
a Transfer Matrix (T-matrix) can be defined. Such a T-matrix relates forward
and backward waves at the input and output ports. Moreover, since the structure
can be built by cascading a series of layers and interfaces, its T-matrix may be
computed by combining the individual matrices of the di↵erent interfaces and layers.
Specifically, the T-matrix of the system can be obtained by simple multiplication of
these individual matrices. Once the total T-matrix has been obtained, the reflection
and transmission parameters for each polarisation can be computed algebraically.
Next, the total transmitted field can be obtained in virtue of the superposition
theorem and the AR from (2.6).
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T-matrix of the interfaces
The interface between layer i and layer j (located at zi) is considered first, Fig. 2.6(a).
Due to the discontinuity, a plane wave impinging from the left EF (z
 
i ) produces two
waves: one transmitted to medium j and another one reflected backwards; namely,
EF (z
+
i ) and EB(z
 
i ). Here, the F and B subscripts stand for forward or backward
propagation, respectively, whilst the superscripts identify the direction from which
the wave approaches the interface. Specifically, the superscript   corresponds to
waves propagating from the left, whilst the + superscript indicates that they ap-
proach the interface from the right.
The backward and forward waves waves can be related through the complex Fresnel’s
coe cients rij, tij, rji, and tji, as
24EF (z+i )
EB(z
 
i )
35 =
24tij rji
rij tji
3524EF (z i )
EB(z
+
i )
35 . (2.34)
Re-arranging (2.34) and considering the following identity relations [29]
rij =  rji, (2.35)
tijtji   rijrji = 1, (2.36)
the relation between the forward and backward waves propagating in layer i and
those propagating in layer j can be described by
i j
(a) (b)
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Figure 2.6: (a) Reflection and transmission at interface zi. (b) Propagation through
layer i.
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24EF (z i )
EB(z
 
i )
35 = 1
tij
24 1 rij
rij 1
3524EF (z+i )
EB(z
+
i )
35 . (2.37)
Hence, the T-matrix of the interface is
Tij =
1
tij
24 1 rij
rij 1
35 , (2.38)
With
rij =
nj   ni
nj + ni
, (2.39)
tij =
2nj
nj + ni
, (2.40)
in the case of normal incidence [30].
T-matrix of the layers
Next, we consider the case of waves propagating through layer i illustrated in 2.6(b).
The thickness of the layer is ti and its refractive index ni. At normal incidence,
forward and backward waves propagating just before –EF (z
 
i ) and EB(z
+
i 1)– and
just after the interfaces with adjacent layers –EF (z
+
i 1) and EB(z
 
i )– may be related
via
24 EF (z i )
EB(z
+
i 1)
35 =
24exp[j i] 0
0 exp[ j i]
3524EF (z+i 1)
EB(z
 
i )
35 , (2.41)
being  i = niti!/c the phase accumulated.
From (2.41), the T-matrix of the layer is
Ti =
24exp[j i] 0
0 exp[ j i]
35 . (2.42)
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Total T-Matrix
Lastly, the relation between forward and backward waves at the input (layer 0) and
output (layer N) of the complete system may be described by the total T-matrix
T0N as follows
24EF (z 0 )
EB(z
 
0 )
35 = T0N
24EF (z+N 1)
EB(z
+
N 1)
35 , (2.43)
with
T0N =
24T 0N11 T 0N12
T 0N21 T
0N
22
35 = T01T1T12T2 · ... · TN 1T(N 1)N . (2.44)
In the case in which the incident field comes from the outer left media only (medium
0), EB(z
+
N 1) = 0 and (2.43) simplifies to two equations with two unknowns from
which the following transmission and reflection coe cients can be derived
r =
EB(z
 
0 )
EF (x
 
0 )
=
T 0N21
T 0N11
, (2.45)
t =
EF (z
+
N 1)
EF (x
 
0 )
=
1
T 0N11
. (2.46)
(2.47)
Equivalent Circuit Network
An equivalent circuit model that produces the same results as the previous TFM
is described next. From a circuit theory perspective the homogeneous e↵ective
medium equivalent to an axis aligned stack as that in Fig. 2.2 can be understood as
a Transmission Line (TL) with length ti, characteristic impedance Zc and symmetric
port impedance Z0, Fig. 2.7.
Z
c
,t
i
Z
0
Z
0
Figure 2.7: Equivalent circuit network to the structure in Fig. 2.2
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The reflection coe cient of the air-dielectric interface is
  =
Zc   Z0
Zc + Z0
, (2.48)
where the characteristic impedance of the equivalent transmission line is that of the
e↵ective medium Zc = Z0/
p
✏r and Z0 corresponds to the free-space impedance.
The ABCD-matrix of the equivalent transmission line is [30]
24A B
C D
35 =
24 cosh (j ) Zc sinh (j )
sinh (j )/Zc cosh (j )
35 (2.49)
where the accumulated phase-shift upon transmission through the circuit is   =
t
p
✏i!/c.
Given the ABCD representation, the S-parameters can be easily computed alge-
braically. In particular, the transmission S-parameter in (2.50) can be obtained
using the relation S21 = 2/(A+B/Z0 + CZ0 +D) [30]
S21 =
(1   2) exp[ j ]
1   2 exp[ 2j ] . (2.50)
This equivalent model may be extended to describe multilayer structures (as long
as all the cascaded waveplates are axis aligned) as that in Fig. 2.6 by concatenat-
ing sections of transmission lines with adequate lengths and impendances via their
ABCD-matrices. From these, the retrieval of the total S-parameters is straightfor-
ward.
2.4.3 Berreman’s calculus
Tailoring the relative rotation between various waveplates, Fig. 2.4, may serve to
enhance the performance of the polarisation converters (see section 2.6). In conse-
quence, a more flexible formalism that allows propagation through materials with
non-diagonal permittivity tensors, which is not well described by the TFM, and
accounts for reflections and interference e↵ects (neglected by Jones’ formalism) is
required. Berreman’s calculus overcomes such limitations.
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Introduction to Berreman’s calculus
In this section, the 4⇥4 matrix formalism proposed by Berreman to describe reflec-
tion and transmission through stratified anisotropic media is introduced [31]. The
derivation starts from Maxwell equations in gaussian units
r⇥ ~E =  1
c
@ ~B
@t
, (2.51)
r⇥ ~H = 1
c
@ ~D
@t
. (2.52)
Assuming a time dependence of the form exp[ j!t], the 6⇥6 representation in
phasor form of (2.51) and (2.52) is
26666666666664
0 0 0 0   @@z @@y
0 0 0 @@z 0   @@x
0 0 0   @@y @@x 0
0 @@z   @@y 0 0 0
  @@z 0 @@x 0 0 0
@
@y   @@x 0 0 0 0
37777777777775
26666666666664
Ex
Ey
Ez
Hx
Hy
Hz
37777777777775
=
 j!
c
26666666666664
Dx
Dy
Dz
Bx
By
Bz
37777777777775
. (2.53)
The formalism in [31] may include magneto-electric e↵ects, i.e. bi-anisotropic ma-
terials with non-zero coupling tensors ⇠˜ and &˜. For the sake of simplicity, we limit
instead to anisotropic media (⇠˜ = &˜ = 0) which are defined by simpler constituent
relations, (2.13) and (2.14). As a result, (2.53) can be simplified and rearranged to
give the following sets of equations
26664
0   @@z @@y
@
@z 0   @@x
  @@y @@x 0
37775
26664
Hx
Hy
Hz
37775 =  j!c ✏˜
26664
Ex
Ey
Ez
37775 , (2.54)
26664
0 @@z   @@y
  @@z 0 @@x
@
@y   @@x 0
37775
26664
Ex
Ey
Ez
37775 =  j!c µ˜
26664
Hx
Hy
Hz
37775 , (2.55)
where ✏˜ is given by (2.12). Similarly, the permeability tensor is
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µ˜ =
26664
µxx µxy µxz
µyx µyy µyz
µzx µzy µzz
37775 , (2.56)
which in our case may be simplified to the 3⇥ 3 identity matrix I˜ (no magnetic ac-
tivity is considered). Likewise, the problem can be further simplified by considering
that the fields only vary along zˆ and incidence is in the xz-plane, Fig. 2.2. This is,
solutions of the form
E(x, y, z) = E(z) exp[jkxx], (2.57)
H(x, y, z) = H(z) exp[jkxx], (2.58)
where kx represents the wavevector. In this scenario, (2.54) and (2.55) can be written
as
26664
0   @@z 0
@
@z 0  jkx
0 jkx 0
37775
26664
Hx
Hy
Hz
37775 =  j!c ✏˜
26664
Ex
Ey
Ez
37775 , (2.59)
26664
0 @@z 0
  @@z 0 jkx
0  jkx 0
37775
26664
Ex
Ey
Ez
37775 =  j!c
26664
Hx
Hy
Hz
37775 . (2.60)
The components normal to the interfaces
Hz =
c
!
kxEy, (2.61)
Ez =  ✏zxEx + ✏zyEy + (c/!)kxHy
✏zz
, (2.62)
are not required for matching the boundary conditions. By substituting (2.61) and
(2.62), they can be eliminated from (2.59) and (2.60) so that the 3 ⇥ 3 systems
reduce to 2 ⇥ 2. These may be subsequently combined to give the following first
order linear system of di↵erential equations
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@@z
26666664
Ex
Hy
Ey
Hx
37777775 =
j!
c
26666664
   ✏zx✏zz 1   
2
✏zz
   ✏zy✏zz 0
✏xx   ✏zx✏xz✏zz    ✏xz✏zz ✏xy  
✏xz✏zy
✏zz
0
0 0 1 0
 ✏yx + ✏yz✏zx✏zz  
✏yz
✏zz
 ✏yy + ✏zy✏yz✏zz +  2 0
37777775
26666664
Ex
Hy
Ey
Hx
37777775 , (2.63)
with   = kx(c/!) = ni sin ✓i, being ni the index of refraction of the medium at the
input and ✓i the angle of incidence. In consequence, in the case of normal incidence
✓i = 0° and   vanishes.
For simplicity, it is convenient to abbreviate (2.63) as
@ ~F
@z
=
j!
c
Lˆ~F . (2.64)
The solutions to (2.64) may be obtained via diagonalisation. This is Lˆ = Fˆ ↵ˆFˆ 1
with field matrix
Fˆ =
26666664
E+x1 E
 
x1 E
+
x2 E
 
x2
H+y1 H
 
y1 H
+
y2 H
 
y2
E+y1 E
 
y1 E
+
y2 E
 
y2
H+x1 H
 
x1 H
+
x2 H
 
x2
37777775 (2.65)
and diagonal matrix
↵ˆ =
26666664
↵+1 0 0 0
0 ↵ 1 0 0
0 0 ↵+2 0
0 0 0 ↵ 2
37777775 , (2.66)
where Fˆ and ↵ˆ are the eigenvectors and eigenvalues of Lˆ, respectively, and the su-
perscripts + and   indicate forward and backward propagation whilst the subscripts
1 and 2 are associated with waves polarised along x or y.
Calculating Fˆ of an isotropic medium with refractive index n is substantially simpler,
since the fields are directly related by
H+y
E+x
=  H
+
y
E+x
=  H
+
x
E+y
=
H+x
E+y
= n/⌘0 cos(✓), (2.67)
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being ⌘0 the free-space impedance [32].
From the auxiliary matrix Lˆ in (2.63), calculating the transmitted and reflected
fields through multilayer systems as that in Fig. 2.4 is straightforward. The detailed
derivation is available in [32] and will not be repeated here. Reference [32] is accom-
panied by the Birefringent Thin Films (BTF) MATLAB toolbox [33], which will be
employed later on this chapter. The calculation of the transmission and reflection
parameters using the BTF toolbox is described in appendix A.
2.5 Synthesis and experimental realisation of form
birefringent waveplates
In section 2.3.1, we proposed a possible realisation of a birefringent medium consist-
ing of a periodic arrangement of isotropic dielectric materials. Here, we will show
how such a simple artificial birefringent media can be used to synthesise microwave
waveplates. To this end, the reflection and transmission coe cients shall be retrieved
using any of the analytical models discussed in section 2.4 (Jones’, the TFM/TL
or Berreman’s method). The waveplates can be synthesised combining any of these
models with an optimization algorithm. In particular, an Evolution Strategy (ES)
with Covariance Matrix Adaptation (CMA) technique has been used [34]. This al-
gorithm is stochastic, derivative-free and broadly based in biological evolution. In
each iteration, new candidate solutions are generated via random variation of the
current potential solutions. This helps avoiding getting trapped in local minima.
Among the three models presented, Jones’ is considerably simpler, requiring in turn
less computational resources and assuring the fast convergence of the CMA-ES algo-
rithm. Regardless of its abovementioned limitations, optimization is greatly simpli-
fied and the values estimated following this procedure may provide a good starting
point for a subsequent optimization using a more precise model or a commercial
electromagnetic solver in case higher precision is needed. Some examples of the
computational costs associated with the di↵erent methods described in this chapter
can be found in section 2.7.
Without loss of generality, a LP incident plane wave propagating along  zˆ whose
E-field is oriented at ↵ = 45° impinging the ti-thick axis aligned waveplate depicted
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in Fig. 2.2(a) is considered. The Jones’ vector of such a wave is given by (2.28).
After propagation through the waveplate, the polarisation state at the output can
be computed from (2.31). From this, it is clear that by choosing an approriate value
of ti, the waveplate may produce a tailored rotation of the polarisation state (e.g. to
achieve LP-to-CP conversion). The most suitable value of ti can be estimated with
the CMA-ES algorithm, by simply customizing the goal function to fit the intended
performance, e.g. AR = 0 dB for pure LP-to-CP conversion.
2.5.1 Measurement set-up
A PNA Microwave Network Analyzer (Agilent N5225A) was used for measuring the
magnitude and phase of the transmission coe cient using the set-up depicted in
Fig. 2.8(a). It consists of two Ka-band standard gain 22240 Flann horn antennas
positioned d = 80 cm away from each other acting as the transmitter and the
receiver. Customized antenna holders were designed and fabricated via 3D-printing
(see appendix B). The Device Under Test (DUT) is located at the central position,
⇠ d/2. The 45° polarised input was obtained via superposition of the individual
responses of the DUT to x- and y-polarised radiation. For simplicity, polarisation
was shifted between these two by rotating the DUT 90° about the direction of
propagation. In this manner, rotating the antennas is unnecessary, minimizing, for
instance, the risk of misalignment.
The area illuminated by the transmitter within this configuration can be esti-
mated geometrically, based on the diagram depicted in Fig. 2.8(b). Since the 3dB
beamwidth ✓ 3dB of a pyramidal horn is di↵erent in the E- and H-planes, the area
illuminated by such a transmitting antenna can be approximated by an ellipse. How-
ever, for the set-up only the worst case (that illuminating a bigger surface) needs
to be considered, i.e. the E-plane case. Fig. 2.8(c) shows the radius of the illu-
minated area estimated as R = (d/2) tan(✓ 3dB), where ✓ 3dB corresponds to the
E-plane beamwidth. The fraction of power radiated that propagates through the
DUT may be approximated from the figure. The lower the frequency, the bigger the
illuminated area. When this exceeds the lateral dimensions of the DUT, its response
may deviate from the infinite case due to border e↵ects. To alleviate di↵raction as
well as reflections at the DUT holder, an absorbing window was included in the
33



 


 





26 28 30 32 34 36 38 40 42
f  (GHz)
5
5.5
6
6.5
7
7.5
8
8.5
R
 (
cm
)
-
Figure 2.8: (a) Schematic of the measurement set-up. Two horn antennas are separated
a distance d. The DUT is located between them, at the central position. (b) Area
illuminated by the receiving antenna. (c) Estimated illumination radius.
measurements.
Since there are no pre-defined commercial standards for free-space measurements,
calibration is quite challenging. However, measurements of the AR and phase-delay
are quite robust against calibration uncertainty, as they involve relative values be-
tween two measurements. Per contra, Insertion Loss (IL) measurements are much
more a↵ected by calibration errors and other problems caused by the set-up. To
reduce uncertainty, a frequency response calibration which allows the antennas to
remain static, thus minimizing possible missalignment and/or missplacement e↵ects,
was employed. Additionally, this type of calibration includes the whole system (even
the horns) and avoids connecting and disconnecting any elements. This allows to
directly visualize the response of the DUT on the PNA screen which considerably
facilitates the measurement process. For increased accuracy in measuring the IL,
transmission through the DUT was subsequently normalized to measured trans-
mission when only the absorbing window is present. Finally, time-gating using a
Hann window –which typically o↵ers a good trade-o↵ between spectral resolution
and dynamic range– is used in order to filter background noise (e.g. reflections in
the connectors and losses in the cables that were not removed by the calibration).
No multipath interference was identified.
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2.5.2 A quarter-plate for linear-to-circular polarisation con-
version
Initially, a waveplate consisting of alternating layers of w1 = 0.95 mm ROHACELL
31 HF rigid foam and w2 = 0.8-mm-wide Taconic TLY-5 Polytetrafluoroethylene
(PTFE) was designed, Fig. 2.2. The electric permittivity of both materials was char-
acterised at the central frequency using a free-space characterization technique [35].
This consists in retrieving the permittivity of a slab of free-standing material from
the measured phase-shift upon transmission. The permittivity values were found
to be ✏1 = 1.21 and ✏2 = 2.77, which show non-negligible deviations from those
indicated by the manufacturers at lower frequencies. These two media cause the ef-
fective dielectric constants in (2.20) and (2.23) to be ✏xx = 1.63 and ✏yy = 1.92. Note
that these two values are very close to unity, thus minimizing loses through better
free-space matching. The estimated loss tangents obtained by adjusting the mea-
surements to full-wave simulations were tan( xx) = 0.0046 and tan( yy) = 0.0072.
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Figure 2.9: (a) Phase-shift and (b) realised AR when a normal incident LP plane-wave
travels through the designed quarter-plate obtained using the TFM/TL, Jones’ formalism,
CST simulations and measurements of the fabricated prototype.
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Figure 2.10: Fabricated quarter-plate.
The thickness of the waveplate (t /4 = 19.4 mm) was optimized so that AR = 0 dB
at 34.8 GHz, thus achieving perfect LP-to-CP conversion.
Fig. 2.9(a) and Fig. 2.9(b) show a comparison of the phase-delay and AR values ob-
tained using Jones’ formalism, the TFM (or the TL equivalent), simulations using
CST Microwave Studio and measurements of the fabricated prototype. The DUT
is shown in Fig. 2.10 and consists of 80 pairs of foam and PTFE laminate enclosed
by an adjustable plastic frame with nylon screws. The stack of dielectrics is only
held together by pressure produced by such a frame, which provides the required
mechanical stability. The lateral dimensions of the stack are 135 mm ⇥144 mm or
equivalently 15  ⇥ 16  at 33.25 GHz, so that power radiated through the DUT is
maximized whilst minimising the amount of necessary materials. As can be seen,
the agreement between all the curves is excellent. Deviations with respect to the
measurements are attributed to increased dielectric losses (the dielectrics were as-
sumed lossless in the simulations) and fabrication tolerances. Since in the designed
converter reflections at the interfaces are nearly negligible (measured S11 <  19dB),
i.e. the converter is nearly perfectly matched to free-space, results obtained using
Jones’ formalism, (2.30), and the TFM method, (2.50), agree remarkably well. Ne-
glecting the impedance mismatch results in the curves given by (2.30) being linear
with frequency. When, on the contrary, the mismatch is considered as is the case
in the TFM, results present oscillations, also present in CST simulations and in
the measurements. These are due to coupling of the incoming radiation to the cav-
ity formed, which in addition is polarisation dependent. However, thanks to the
utilisation of dielectrics with low contrast between ✏1 and ✏2, the interaction of elec-
tromagnetic waves with the cavity is very similar independently of them being x- or
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Figure 2.11: Measured AR for ✓ = 0  50° incidence.
y-polarised. Additionally, the materials employed produce ✏xx and ✏yy values close
to 1, minimizing the mismatch and in turn the IL. This produces very weak oscilla-
tions that don’t deteriorate much the performance of the DUT and therefore, Jones’
formalism yields good accuracy albeit its simplicity. Hence, there is a compromise
between IL and thickness, as suggested by (2.30). An approach to overcome this
limitation will be proposed in chapter 3.
As also shown in Fig. 2.9(a) and Fig. 2.9(b), results obtained using (2.50) are nearly
identical to those obtained through CST simulations. Small di↵erences can be appre-
ciated as the frequency increases due to the limited validity of the first order EMA.
Likewise, the agreement with the measurements is good. The minimum measured
AR is 0.27 dB at 35.5 GHz (2% operating frequency shift attributed to fabrica-
tion tolerances and measurement uncertainty). The measured 3dB AR fractional
bandwidth is 39% while the 1dB AR bandwidth is approximately 17%. Similarly to
traditional quarter-plates, the retardation introduced between Ex and Ey is equal to
90  at a single frequency, 35.2 GHz, which is very close to the operating frequency,
Fig. ??. This indicates that the magnitude of Ex and Ey are nearly identical, which
is also a requirement for getting pure CP. IL calculated from the measured trans-
mission parameter normalized to the case of free-space propagation is ⇠0.6 dB at
the operating frequency which is similar to current state-of-the art technologies [8].
The latter property together with the low reflections achieved, make the proposed
converter particularly suitable for its integration in antenna systems.
The angular stability of the structure is investigated in Fig. 2.11 which shows the
measured AR when the angle of incidence varies between ✓ = 0   50°. As can be
seen, the response is remarkably stable up to 30°. As the angle of incidence increases
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Figure 2.12: Sensitivity analysis to random variations of ✏1 and ✏2. (a) ✏1 and ✏2 values
considered in the analysis. (b) Average AR and 1-  confidence interval.
further, the minimum AR shifts towards higher frequencies. For instance, ✓ = 40°
causes a 4% frequency deviation, whilst ✓ = 50° yields 15%. In terms of bandwidth,
the response of the DUT remains mostly unaltered whilst the IL is kept below 1.5dB
for ✓ < 50°.
Additionally, the AR sensitivity caused by random variations of ✏1 and ✏2 was studied
using a Montecarlo analysis. The di↵erent combinations of permittivity values (✏1,
✏2) used in this study are shown in Fig. 2.12(a). 5000 samples where considered.
These were obtained by randomly sampling a 2D Gaussian distribution centred at
the original permittivity values (✏1 = 1.21, ✏2 = 2.77) with 2% standard deviation.
The AR was calculated using (2.50). The resulting statistics are summarized in
Fig. 2.12(b) where the black curve represents the average AR and the shadowed
areas correspond to the the 1-  confidence interval. Our results show that the
performance of the converter is robust against small fluctuations in the dielectric
constant which may be caused in practice by temperature variations or mechanical
stress.
A comparison between our quarter-plate and some of the previous technologies is
summarized in Table 2.1. This suggests that the prototype presented here out-
performs existing converters in terms of AR [11, 23] and bandwidth [8, 10], at the
expense of being thicker than other single-layer structures [10, 23]. Our measure-
ments indicate that the converter exhibits good angular stability, comparable to [23]
and IL similar to that of state-of-the-art technologies [8].
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Table 2.1: Comparison with existing LP-to-CP converters
Ref. Ours [8] [10] [11] [23]
f (GHz) 35.5 95 325 8.83 12.6
Bandwidth (%) 39 5 12 - 63
AR (dB) 0.27 0.23 0.19 2.5 0.7
Angular Stability (°) 0-40 0-17 - - 0-45
IL (dB) 0.6 0.3 3.4 2 -
t (mm) 19.4 9.5 0.001 16.5 1.5
2.5.3 A half-plate for cross-polarisation conversion
The technology presented in this chapter is not limited to the synthesis of LP-to-CP
converters. Other types of conversion can be achieved with equal ease, by carefully
choosing the orientation and thickness of the waveplate. For instance, an axis aligned
waveplate providing half-wave retardation (180  phase-delay), may achieve nearly
total XP conversion. This is, if a LP wave with E-field polarised along ↵ = 45°
propagates through the structure, a LP wave with ↵ = 135° is obtained at the
output. Analogously, such a half-plate would also convert between handedness of
CP waves.
A half-plate consisting of alternating layers of w1 = 1 mm ROHACELL 31 HF rigid
foam and w2 = 1.6-mm-wide Taconic TLY-5 PTFE was designed and fabricated.
The e↵ective dielectric constants of the equivalent medium homogenized using the
1st and 2nd order EMAs are compared in Fig. 2.13(a). The period of the structure is
⇠ 0.3 , where   corresponds to 34.8 GHz. Such a long period causes the 1st and 2nd
order approximation to produce significantly di↵erent results. Our results suggest
that the 2nd order approximation describes more precisely the performance of the
device in this situation. Fig. 2.13(b) and 2.13(c) show the results obtained with this
approach when the thickness of the waveplate is t /2 = 38.8 mm. There, the phase-
delay and AR obtained using the TFM/TL are compared against those measured in
the experiment. As can be seen, the agreement is very good. The frequency shift of
the AR peak at which polarisation at the output is almost perfectly linear is < 1%.
Approximately at the same frequency,   /2 = 180° hence achieving nearly total XP
conversion.
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Figure 2.13: (a) E↵ective permittivy values of the half-plate. (b) Phase-delay and (b)
AR realised when t /2 = 38.3 mm.
2.6 Synthesis and experimental realisation of multi-
plate systems for broadband linear-to-circular
polarisation conversion
Several techniques dealing with flattening the retardation introduced by traditional
birefringent crystals over broader frequency ranges are available in the literature
[36–41]. As the artificial waveplates proposed in the previous section have demon-
strated equivalent performances to those based in crystal birefringence, considering
applying similar techniques comes naturally. In particular, we focus on those capable
of mitigating frequency dispersion. Such techniques hold promise for broadening the
bandwidth of operation of the polarisation converters demonstrated in section 2.5.
One of the most popular consists in cascading axis aligned waveplates made of di↵er-
ent materials to compensate the overall phase-delay [36]. The main drawback of this
approach is that, unless the utilised media share very similar dielectric constants,
reflections between the successive plates become severe, degrading the performance.
As a result, IL increases limiting the practical application of the converter to an-
tenna systems. One could think about reducing the contrast to improve impedance
matching as a means to overcome this limitation, but the number of layers required
grows rapidly, resulting in considerably bulky cascaded systems. A di↵erent mech-
anism that addresses this limitation was proposed in [38] and later applied to build
achromatic half-plates [36,37] and quarter-plates of birefringent crystals [39–41]. In
the work by Pancharatman, the operating bandwidth was broadened by cascading
waveplates made of the same birefringent material with tailored thicknesses ti and
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Figure 2.14: Results obtained via Jones’ calculus when ~Ein = cos(45°)xˆ+ sin(45°)yˆ. (a)
Phase-delay. (b) Normalized magnitude of the E-field components. (c) AR.
rotations  i [38], Fig. 2.4. By rotating the waveplates by an angle  i 6= 0° or 90°,
the o↵-diagonal elements of the permittivity tensor become non null, as shown in
(2.25). This results in the field components appearing coupled in (2.53). Therefore,
the problem at hand is not accurately described by the TFM/TL proposed in sec-
tion 2.4.2 but by the more rigorous Berreman’s calculus (section 2.4.3). Despite its
limited accuracy, Jones formalism (section 2.4.1) in combination with the CMA-ES
algorithm can be used to e ciently find a suitable configuration as the starting point
of the design. This can be later refined by means of Berreman’s model.
Here, it will be shown how to realise low dispersive broadband LP-to-CP converters
cascading only two waveplates. The CMA-ES algorithm was employed in combina-
tion with Jones’ calculus for optimizing the thickness ti of the layers and their relative
rotations  i. The defined cost function was
P
k
[AR(fk)]2 (minimum AR) with fk =
26.5–41 GHz. The required rotations were found to be   = ±29.7° and the thickness
38.8 mm (half-plate) and 19.4 mm (quarter-plate), respectively, for an input field
polarised at 45° . Two waveplates made of 0.95-mm-wide ROHACELL and 0.8-mm-
wide TLY-5 are considered next. The results obtained with this configuration are
summarized in Fig. 2.14. In this particular case, the AR is equal independently of
which plate is rotated clockwise and which one is rotated anticlockwise, as long as
they undergo rotations in opposite directions. Contrarily, the order of the plates
is not trivial. For optimum performance, the half-plate must be located first (at
the input), followed by the quarter-plate. As shown in Fig. 2.14(a), the phase-delay
between the x- and y-polarised field components bends around 90° instead of in-
creasing linearly with frequency, as was the case in Fig. 2.9(a) and 2.13(b). Within
the 26.5–41 GHz frequency range, the maximum deviation with respect to 90° is
41
















        



















Figure 2.15: S-parameters calculated using Berreman’s formulation.
< 7°. This, together with the two polarisations sharing approximately equal power,
Fig. 2.14(b), produces ⇠51% 1dB fractional bandwidth (25.7–43.4 GHz) and an im-
pressive ⇠84% 3dB bandwidth (20–48.8 GHz). This is, the bandwidth doubles with
respect to the individual quarter-plate case.
More accurate results can be obtained using Berreman’s formalism which accounts
for reflections and interference e↵ects caused by the various discontinuities (input,
output and in between waveplates interfaces). The transmission and reflection pa-
rameters calculated with this formalism using the BTF toolbox described in ap-
pendix A, are shown in Fig. 2.15. As can be observed, since the rotated waveplates
have permittivity tensors with non-zero o↵-diagonal components, the XP transmis-
sion parameters (labelled as txy and and tyx) are not negligible within the frequency
range at hand. Instead, as given by (2.63), they contribute towards transmission
and hence, towards the conversion. Interference e↵ects in the form of oscillations in
the S-parameters can be clearly appreciated. Reflections are <  10 dB for the CoP
components within the considered frequency range –this value is considerably higher
than in the case of the individual quarter-plate– and <  30 dB for the XP ones.
As previously discussed, reflections are a consequence of the permittivity mismatch
at the interfaces which forms a cavity. Despite the constituent materials of the two
waveplates being equal, the relative rotations between the waveplates cause their
e↵ective permittivity tensors to significantly di↵er, in turn increasing reflections. It
is worth emphasizing that this e↵ect may be mitigated by using a higher number
of thinner waveplates with smaller relative rotations, so that the propagating wave
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Figure 2.16: Comparison of the AR given by CST simulations, Berreman’s and Jones’
model when the waveplates are rotated (a)   /2 =  29.7° -   /4 = 29.7° and (b)   /2 =
29.7° -   /4 =  29.7°.
experiences smoother permittivity transitions yet achieves the required phase-delay
for successful LP-to-CP conversion.
The AR given by Berreman’s formulation and that simulated with CST Microwave
Studio are shown in Fig. 2.16. For the sake of comparison, results given by Jones’
calculus have also been included. As expected, Berreman’s formalism yields much
more accurate results than Jones’. Indeed, the agreement between the AR given
by Berreman’s and the simulated one is very good for both possible angle combi-
nations. A comparison between Fig. 2.16(a) and 2.16(b) clearly suggests that the
order of the rotations does a↵ect the AR realised in practice, contrarily to Jones’
prediction. However, the AR in the three cases is below 1 dB within the consid-
ered frequency range, demonstrating that Jones’ calculus provides a good initial
point for the design of this type of converters. Although small deviations can be
appreciated between the results given by Berreman’s method and the simulations,
CST simulations are considerably more time consuming. In addition, the unit-cell
boundary conditions applied in the commercial solver considerably restrict the ge-
ometry. Since both rotated waveplates must fit into the same unit-cell, the choice
of materials –in particular, their widths– is quite limited. Moreover, the design of
the unit-cell becomes even more challenging as the number of waveplates increases.
Contrarily, these problems do not exist with Berreman’s calculus, making it a better
candidate for analysing the response of the converter.
In the experiment, the waveplates proposed in section 2.5 were cascaded. Since the
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Figure 2.17: Fabricated prototypes. The wooden stands allow for individually rotating
the waveplates whilst minimizing separation between the two layers. (a) Front view. (b)
Lateral view.
width of the dielectrics available for fabricating the quarter-plate and the half-plate
were slightly di↵erent, their e↵ective permittivity values also di↵er. Furthermore, as
illustrated in Fig. 2.3, these are also frequency dispersive. Dispersion is more severe
in the case of the half-plate than in the quarter-plate due to its longer periodicity.
For all these, the approach followed here for flattening the phase-delay, broadening
in turn the bandwidth of the converter, can be thought as a combination of that
in [36] and [38].
For testing purposes, the two separate wooden stands shown in Fig. 2.17 were fabri-
cated. Each of these contains the plastic frame that supports one of the waveplates,
allowing to rotate them individually. This assembly results in a small gap appearing
in between the waveplates. The e↵ect of the gap is studied in Fig. 2.18 which shows
the calculated AR when the plates are rotated   /2 =  29.7° and   /4 = 29.7°,
respectively. The gap was modelled by including a layer of vacuum with thickness s
ranging between 0  1 cm that separates the two plates. Fig. 2.18 suggests that the
separation distance slightly degrades the performance of the converter. However, the
gap is merely caused by the assembly chosen for this specific prototype and could
be easily avoided (or at least minimized) by improving the frames or considering a
more permanent static solution –e.g. fixing the two plates together. Nonetheless,
not being able to rotate the plates individually reduces flexibility in future testing
and requires a precise control of the rotation angles which cannot be re-adjusted at
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a later stage.
The sensitivity of the converter to random variations of   /4 and   /2 is analysed
in Fig. 2.19 using a Montecarlo technique. The 5000 samples (  /4,   /2) used are
shown in Fig. 2.19(a). These were obtained by randomly sampling a 2D Gaussian
distribution centred at the original angles ( 29.7°, 29.7°) with a ±4° deviation. The
resulting statistics are summarized in Fig. 2.19(b) where the black curve represents
the average AR and the blue areas the 1-  confidence interval. Our results indi-
cate that the AR remains below 3dB within the frequency range considered with a
68% probability, for errors in the range ±4° (above our ±2° estimated experimental
uncertainty).
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The experimental set-up was very similar to that in section 2.5.1, except regarding
the excitation. As discussed there, the individual waveplates were characterized by
measuring their respective responses to x- and y- polarised radiation. The response
to the 45° polarised case was then obtained via superposition. Per contra, here
we used 45° polarised radiation directly. The reason for this was twofold. On the
one hand, the wooden stands used in this case allowed to rotate the waveplates
by arbitrary angles. Hence, a 45° polarised excitation can be obtained very easily,
by applying an additional rotation to the two plates. This is significantly simpler
than rotating the horn antennas. On the other hand, the multi-plate converter acts
not only on the CoP components, as was the case of the individual axis aligned
waveplates, but also on the XP ones. As a result, both have to be measured to
fully characterize the DUT and this requires rotating the transmitter and/or the
receiver. Due to the available equipment, re-positioning the rotated antenna exactly
at the same location and with the correct orientation is extremely di cult. The
quality of the cables is especially important too, since their response should ideally
remain unaltered after the rotation. For all these, the number of rotations should
be kept to the minimum. On the other, using the superposition theorem requires 4
measurements: txx, txy, tyy and tyx. The number of measurements can be reduced to
2, by using directly a 45° polarised wave: one with the two horns sharing the same
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polarisation (CoP) and a second one with opposite polarisation (XP).
The results obtained following this procedure are shown in Fig. 2.20. As can be seen,
the simulations and measurements agree reasonably well. Fig. 2.20(a) shows CoP
and XP transmission in log-scale. As can be seen, both of them are comparable. This
together with the phase-delay between them being close to 90° within the considered
frequency range, Fig. 2.20(b), yields an AR below 3 dB within the whole band.
Deviations with respect to the simulations are mainly attributed to the limitations
of the experimental set up (e.g. border e↵ects and inaccurate repositioning of the
antennas).
2.7 Computational costs
A comparison of the computational cost of a single iteration using the di↵erent
methods employed throughout this chapter is given in table 2.2. A single layer
quarter-plate and a two layer system have been considered. As can be seen, Jones’
method is orders of magnitude faster than all the other alternatives, with the ex-
ception of the TFM which is comparable but limited to single layer axis-aligned
waveplates.
Table 2.2: Comparison of computational costs (in seconds)
Layers Jones Berreman TFM CST
1 0.15s 2.2s 0.6s 73s
2 0.29s 3.1s - 471s
Despite such computational costs may seem manageable even when a numerical
solver is employed (CST), multi-dimensional optimisations typically require hun-
dreds of simulations, e.g. for designing the quarter-plate (1 layer), the CMA-ES
required approximately 90 iterations and 520 function evaluations.
2.8 Conclusions
In this chapter, we have theoretically and experimentally demonstrated a new ap-
proach for realizing mm-wave all-dielectric waveplates similar to those employed in
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optics. The operating principle is based on form birefringence and can be accurately
described by an e↵ective anisotropic permittivity tensor obtained via homogeniza-
tion, as thoroughly discussed in section 2.3. Propagation in such a medium can be
described using di↵erent models, the most relevant of which can be found in sec-
tion 2.4. Special attention was drawn to the specific limitations of each model with
the aim of assessing suitability depending in the computational cost, accuracy and
nature of the problem. In this sense, Jones’ calculus is the less consuming model
although, generally, also yields lower accuracy, mainly due to neglecting reflections.
However, for the prototypes designed here, it still provides acceptable precision.
The designed waveplates can operate as polarisation converters [J1, J2, C1]. In par-
ticular, the quarter-plate proposed in section 2.5.2 demonstrated an excellent LP-
to-CP conversion performance, comparable to other state-of-the-art technologies in
terms of AR, bandwidth, IL and angular stability (Table 2.1) [J1]. A second pro-
totype –a half-plate– showing nearly perfect XP conversion was proposed in section
2.5.3. Lastly, a technique for mitigating frequency dispersion was investigated and
experimentally verified in section 2.6 [J2]. There, we showed that the phase-delay
can be flattened within a broader frequency range by cascading various waveplates
with tailored values of thickness and orientation. This can be exploited for substan-
tially increasing the bandwidth of the converters. In particular, by cascading the
quarter- and half-plates previously realised, a LP-to-CP converter with more than
double the bandwidth (compared to the individual quarter-plate) was synthesized,
proving the flexibility of the proposed structures. The same optimization procedure
may be applied to synthesising other types of polarisation converters and, in general,
phase-shifters. Likewise, other types of frequency response including multi-band can
also be synthesised. Moreover, the presented analytical models may be extended for
describing o↵-normal responses or adapted to include a GP so that the converters
operate in reflection, which is particularly relevant for reflect-arrays and reflector
antennas.
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We build too many walls and
not enough bridges.
Isaac Newton
3
Polarisation conversion via gradient index
waveplates and its application to antenna
systems
3.1 Introduction
Inhomogeneous materials with spatially varying index of refraction are commonly
found in nature. Such is the case of the atmosphere or the human eye, among
others [1]. Amid these, Gradient Index (GRIN) media have been widely used in
optics and are currently receiving considerable attention in the microwave range,
mainly in the field of imaging. Luneburg Lenses (LLs), Eaton lenses or Maxwell
fish-eye lenses owe their particular performance to them [2]. Likewise, GRIN media
also find application integrated with fiber optics, e.g. as endoscopes for microsurgery
[3, 4], and as anti-reflection coatings in a myriad of optical systems [5, 6].
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In this chapter, we propose to combine GRIN media with the form-birefringent
waveplates presented in chapter 2. Two di↵erent designs will be presented. On the
one hand, a novel compact highly transparent GRIN quarter plate will be proposed
for the first time, o↵ering ⇠70% thickness reduction with respect to the standard
quarter plate demonstrated in section 2.5.2. On the other, it will be shown how a
LL can be integrated with a conformal waveplate to build a highly directive Circular
Polarisation (CP) lens antenna.
This chapter is thus divided into two main parts, each one referring to one of the
above proposed technologies. Section 3.2 corresponds to the GRIN waveplate [J3].
It begins with a brief introduction to GRIN based anti-reflection coatings. The prin-
ciple of operation of GRIN waveplates is presented next, in section 3.2.1. There,
two di↵erent methods for describing the response of a GRIN waveplate are proposed
and compared. A compact and transparent quarter plate is subsequently designed.
A possible practical realization of the GRIN waveplate, consisting in discretising
the refractive index profile, is discussed in 3.2.2. There, the GRIN material is sub-
stituted by a collection of homogeneous dielectrics, allowing its simulation with a
commercial electromagnetic software: CST Microwave Studio. The required dis-
cretisation fineness to avoid degrading the performance of the quarter waveplate is
likewise investigated. A comparison with standard form-birefringent waveplates can
be found in 3.2.3. Finally, the conclusions are summarized in 3.2.4.
On the other hand, section 3.3 focuses on the integration of the waveplates presented
in section 2.5 with LL antennas [J4]. The outline of this second part is as follows.
LLs are introduced in section 3.3.1. There, the ideal GRIN spherical LL is compared
to its hemispherical version. For easiness of fabrication, a discretised version o↵ering
similar performance to the ideal GRIN lens is discussed next. The integration of
the discretised hemisphere with a conformal form-birefringent quarter-plate is in-
vestigated in section 3.3.2 and the conclusions from this study presented in section
3.3.3.
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3.2 Anti-reflection waveplates
GRIN media are typically used as anti-reflection coatings in optical systems [5,
6]. This type of anti-reflection coatings minimize reflections by creating a smooth
(graded) transition between the index of refraction of the ambient and that of the
substrate, as illustrated in Fig. 3.1. An electromagnetic wave propagating along
zˆ through such a system would experience a single continuous medium, in turn
minimizing reflections due to index mismatch.
Although promising, the form-birefringent waveplates proposed in chapter 2 are
limited in terms of bulkiness (which becomes more severe as the range of operation
shifts towards lower frequencies) and/or reflections, i.e. high Insertion Loss (IL).
The trade-o↵ between this two features makes addressing both simultaneously very
challenging. Here, we propose to include GRIN media in the waveplate design in
order to overcome this limitation, thus achieving transparency along with compact-
ness.
3.2.1 Gradient index waveplates
A typical form birefringent waveplate consisting of a t-thick sub-wavelength periodic
stack of planar dielectric sheets with refractive indexes n1 and n2 and widths w1
and w2, respectively, is considered in the following, Fig. 3.2(a). A normal incident
plane wave with E-field vector ~E = Exxˆ + Eyyˆ is assumed. In the metamaterial
regime, such a structure can be described using the first order E↵ective Medium
n
z
Ambient GRIN Substrate
Figure 3.1: GRIN medium acting as an anti-reflection coating between the ambient and
a substrate and index distribution as a function of z.
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Approximation (EMA) available in section 2.3.1. For non magnetic materials (µ =
1), the permittivity tensor of the e↵ective uni-axial anisotropic medium can be
directly translated into a refractive index tensor with components
nxx =
⇣
f1
n21
+ f2
n22
⌘ 1/2
, (3.1)
nyy = (f1n21 + f2n
2
2)
1/2 , (3.2)
where, as in section 2.3.1, f1 and f2 are the volume fractions occupied by each
medium and nyy > nxx [7].
No restrictions have been imposed yet to n1 and n2 which in the standard case are
homogeneous. Hereafter, one of the two constituent materials is replaced by a GRIN
medium with axial parabolic variation along the direction of propagation
n2(z) =
4(no   ni)
t2
✓
z   t
2
◆2
+ ni. (3.3)
In (3.3), no and ni represent the refractive indexes at the outer (z = 0, t) and inner
points (z = t/2), respectively. Equation (3.3) can be used in combination with (3.1)-
(3.2) to obtain closed-form expressions of the in-plane components of the refractive
index tensor of the equivalent medium, nxx(z) and nyy(z). In a reflection-less sce-
nario, the phase-delay introduced upon transmission through the GRIN waveplate
can be approximated by the product of the propagation constant and the di↵erence
between the light path integral for each field component
  =
!
c
Z t
0
[nxx(z)  nyy(z)] dz. (3.4)
A GRIN medium with no = 1, ni = 2.6 and t = 5.9 mm (t ⇠ 0.65  where  
corresponds to 33 GHz) is considered next. Its index profile as a function of the
distance z from the input interface is shown in Fig. 3.2(b). Planar films made of
this material separated by air gaps (n1 = 1) are periodically arranged to build a
waveplate, Fig. 3.2(a). The width of the material with n1 and the GRIN medium
are equal (w1 = w2), causing 50% volume fractions. The e↵ective refractive indexes
of the anisotropic equivalent media given by (3.1) and (3.2), and the realised phase-
shift according to (3.4) are shown in Fig. 3.2(c) and 3.2(d), respectively. As can be
56
w
1
w
2n
1
n
2
x
y
z
(a) (b)
1
1.2
1.4
0 1 2 3 4 5 6
3
0
2n
2
z (mm)
0 1 2 3 4 5 6
1.6
1.8
2
z (mm)
n
e
ff
(c)
n
yy
n
xx
(d)
δ
 (
d
e
g
.)
f (GHz)
26 28 30 32 34 36 38 40 42
60
70
80
90
100
110
120
k
LP
CP
Figure 3.2: (a) Form birefringent waveplate. The dielectric stack extends to infinity in
the y-direction and is periodically repeated in x. A normal incident plane wave with E-field
contained in the xy-plane impinges the structure. (b) Spatial variation of the refractive
index of a t = 5.9 mm GRIN medium with no = 1 and ni = 2.6. (c) E↵ective refractive
index values of a waveplate made of the GRIN medium and air gaps (volume fraction is
50%). (d) Phase-delay between transmitted E-field components.
seen, the waveplate introduces 90° phase-delay (quarter wave retardation) between
both E-field components at ⇠34 GHz.
Despite the gradual variation of the index, small reflections, which have been ne-
glected up to this point, do exist. As shown in section 2.4.2, a standard form birefrin-
gent waveplate is accurately described using a simple transmission line equivalent
circuit. Along the same lines, transmission through a GRIN waveplate –or even
through a simple GRIN medium– may be understood as a microwave taper. Ta-
pers can be modelled as transmission lines with gradually varying characteristic
impedance and are often represented by small discretised sections connected in cas-
cade [8]. As the number of sections approaches infinity, the discretised response
approaches the continuous case [8]. Propagation through the GRIN waveplate may
be treated analogously, as an anisotropic stratified medium. In this sense, the wave-
57
z (mm)
0
0.5
1
1.5
n
x
x
z (mm)
0
0.5
1
1.5
2
n
y
y
0 2 4 6 0 2 4 6
(a) (b)
Figure 3.3: E↵ective indexes of refraction for (a) x- and (b) y-polarised waves obtained
after a N = 100 discretisation (blue bars). The ideal GRIN case is shown in red for
comparison. Note that the e↵ective index nxx is not parabolic.
plate is discretised in N sections of equally thick homogeneous materials. Finally, the
response of such stratified medium can be approximated using the Transfer Matrix
Method (TFM) formalism presented in section 2.4.2.
The N = 100 discretisation of the structure shown in 3.3 is considered next. This
number of steps su ces for the results to converge to the infinite case. The S-
parameters obtained using the TFM method are depicted in Fig. 3.4(a). Reflections
are below -9 dB within the considered frequency range, despite the thickness of the
waveplate being sub-wavelength. As a result, there is almost total transmission for
both polarisations. The maximum di↵erence in transmission levels is below 0.6 dB.
The estimated   and Axial Ratio (AR) given by the TFM method together with
that approximated using (3.4) are shown in Fig. 3.4(b) and 3.4(c), respectively. The
AR corresponds to that obtained after a Linear Polarisation (LP) plane wave with
E-field polarised at 45° with respect to the x-axis propagates through the waveplate.
Results obtained through both procedures are slightly di↵erent. When reflections
are neglected, as is the case in (3.4), the phase-di↵erence increases linearly with
frequency, Fig. 3.4(b). On the contrary, the TFM yields a more realistic scenario
where reflections are accounted for. These reflections, caused by impedance mis-
match not just at the input and output interfaces, as in standard waveplates, but
across the whole profile, may result in the formation of a cavity which in turn causes
an oscillatory phase-di↵erence. Since in this case reflections are small, the cavity
formed is very weak and so is the amplitude of the oscillations in Fig. 3.4(b) and
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Figure 3.4: (a) S-parameters given by the TFM formalism with N = 100. (b) Phase-
delay and (c) AR with (dashed line) and without (solid line) reflections after a LP wave
with E-field polarised at 45° from the x-axis propagates through the waveplate.
3.4(c). Despite also present in the transmission parameters, oscillations are easier to
appreciate in the reflection parameters in Fig. 3.4(a). Since the transmitted power
for both polarisation components is very similar,   = 90° produces nearly perfect
linear to circular polarisation conversion (AR ⇠ 0 dB), as suggested by Fig. 3.4(b)
and 3.4(c).
The flexibility in the choice of GRIN medium is investigated in Fig. 3.5 where results
for di↵erent combinations of no and ni are shown. The study is limited to ni   no.
Fig. 3.5(a) shows the optimum thickness of the waveplate for 90° phase-delay at 34
GHz computed from (3.4). The optimum values were obtained using the simplex
optimization algorithm. A singularity occurs when the e↵ective indexes match the
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Figure 3.5: (a) Optimum thickness for 90° phase-shift between Ex and Ey. For increased
clarity, some values of t (mm) have been included. (b) Realised AR and (c) IL as a function
of no and ni for t indicated in (a).
index of the background, i.e. when no = ni = 1, for which t ! 1 (not shown).
For fixed no, the required thickness for quarter wave retardation rapidly decreases
with increasing ni (higher index contrast). If ni is fixed instead, a higher value of
no results as well in a higher contrast, yielding more compact devices. However, the
thickness decrease is slower when no is increased instead of ni.
Fig. 3.5(b) and 3.5(c) show the AR and IL at 34 GHz, respectively, calculated
using the TFM when the incident wave is LP at 45° with respect to the x-axis
and the waveplate has the thickness shown in Fig. 3.5(a). Note that the achieved
AR does not vanish for all the studied cases. The reason for this is twofold. On
the one hand, the phase-delay introduced when the thickness is derived from (3.4)
di↵ers up to 8° from the TFM model. The di↵erences between these two methods
were already shown in Fig. 3.4(b). However, optimization is significantly simplified
by using (3.4) and the values estimated following this procedure may provide a
good starting point for a subsequent optimization using the TFM or a full-wave
electromagnetic solver, in case higher accuracy is required. On the other hand,
for a pure CP wave (i.e. AR = 0 dB) the magnitude of each transmitted E-field
component shall be equal. Reflections due to the inhomogeneous index distribution
cause oscillations in the transmission parameter, and thus in the transmitted power,
which in turn deteriorates the polarisation purity. Since the condition nxx 6= nyy shall
be satisfied to provide birefringence, coupling of electromagnetic waves to the cavity
depends on polarisation. As a result, the power transmitted for each polarisation
may di↵er giving non-zero values of the AR. Remarkably, it remains below 1 dB
for most of the indexes combinations, being the maximum AR = 2.1 dB without
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any further optimization. Lastly, IL is shown in Fig. 3.5(c). Note that, for lossless
dielectrics as those considered here, IL can be merely attributed to reflections. The
low IL reported (IL < 1.2 dB) together with the small thickness and low AR prove
that GRIN waveplates are an alternative to typical form birefringent waveplates
since they enable reducing dimensions and IL simultaneously without compromising
performance.
3.2.2 Discretisation of the index profile
Several techniques are available for fabricating GRIN media. Drilling a gradient
of sub-wavelength holes on an ordinary dielectric material [9] is among the simpler
alternatives. The same e↵ect may be achieved using 3D printing technology [10]. A
di↵erent approach consists of discretising the index profile and replacing the GRIN
medium by a collection of homogeneous dielectrics. The required indexes may be
provided by composite materials, e.g. resins loaded with ceramic powders [11].
In preparation for a practical realization, the discretisation is studied in Fig. 3.6.
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Figure 3.6: (a) AR as a function of the number of discretisation steps. (b) Spatial
variation of the continuous (black curve) and N = 7 discretised index profile. (c) AR
calculated using the TFM formalism and through full-wave simulations with w1 = w2 = 0.5
mm.
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Fig. 3.6(a) shows the AR obtained from the TFM method with di↵erent number
of discretisation steps. As can be seen in the figure, results rapidly converge for
increasing N. Note that the results obtained with as little as N = 7 are nearly
identical to those obtained with N = 100 which suggests that the fabrication of the
proposed GRIN waveplate is feasible. The N = 7 case is further investigated in
Fig. 3.6(b) and 3.6(c). The index of refraction of the discretised GRIN material is
shown in Fig. 3.6(b). For the sake of comparison, the ideal continuous profile has
been included. The AR obtained using this configuration is depicted in Fig. 3.6(c).
As shown, the AR calculated using the TFM and that obtained via full-wave simula-
tions performed using CST Microwave Studio are in excellent agreement, validating
the accuracy of the TFM method.
3.2.3 Comparison with standard form-birefringent waveplates
A comparison between the standard form-birefringent quarter-plate from section
2.5.2 and the GRIN-based one proposed in section 3.2.1 is available in Table 3.1. As
can be seen, the performance is very similar. The operating frequency, defined as
that of minimum AR is ⇠34 GHz, and its minimum value is approximately equal in
both cases. Likewise, reflections and thus IL are comparable within the frequency
band under consideration. However, the thickness of the waveplate has been reduced
by ⇠70% in the case of the GRIN waveplate, validating the proposed approach.
Note, though, that there are other techniques for reducing the thickness of standard
waveplates. For instance, by varying the volume fractions and refractive indexes
in (3.1) and (3.2), other combinations of ✏xx and ✏yy may be obtained, which may
result in thinner profiles without significantly increasing reflections. For instance,
combining a large volume of free-space (or other material with index close to 1) with
a small volume of a high index material can serve this purpose. However, the required
index of the second material increases very rapidly when t is reduced below a critical
value. Whether certain materials such as ceramics may exhibit such high indexes
of refraction, the necessary low volume fractions –small width– makes them very
fragile. Furthermore, since homogenization requires operating in the metamaterial
regime, the maximum allowed periodicity, and in turn the width, reduces as the
frequency of operation increases. All these problems would be addressed by using
GRIN waveplates instead.
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Table 3.1: Comparison with a standard quarter-plate
Type t (mm) f (GHz) AR (dB) ILmax (dB) Smax11 (dB)
Standard 19.4 34.4 0.08 0.24 -12.68
GRIN 5.9 34.7 0.10 0.28 -12.02
3.2.4 Conclusions
We have shown how GRIN materials can be employed to realise waveplates [J3].
The proposed GRIN waveplates outperform typical form birefringent waveplates as
they can exhibit low IL and compact profiles simultaneously which are sought-after
features, for instance, in satellite applications. Although standard form-birefringent
waveplates may be designed to o↵er similar performances, they rely in the utilisation
of low volume fractions of very high refractive index materials. This results in very
fragile devices. Moreover, as the operating frequency increases, the volume frac-
tion reduces, aggravating this problem. Per contra, GRIN waveplates allow similar
volume fractions of lower index materials, circumventing this complication. As an
example, a quarter-plate has been designed and simulated using a simple reflection-
less method and a more rigorous TFM formalism. Our results show a promising
⇠70% thickness reduction compared to the standard form-birefringent quarter-plate
of section 2.5.2. The spectral response obtained via the TFM formalism is in ex-
cellent agreement with full-wave simulations. On the other hand, the analytical
solution derived in the reflection-less case, may be used to more rapidly evaluate the
performance at the expense of reducing the accuracy. However, for low reflection
devices as those studied here, it provides reasonable results that shall become the
base of a second optimization using a more accurate model, e.g. the TFM method
or full-wave simulations, if more precision is desired. Our results suggest that 5
levels of discretisation su ce to implement the GRIN quarter-plate without degrad-
ing its performance, which would relax considerably fabrication constraints. Future
work shall focus in investigating other manufacturing alternatives. In particular,
3D printing and/or holes gradients. Likewise, the utilisation of asymmetric axially
varying index profiles remains unexplored. This unique feature of GRIN waveplates
would enable matching to two di↵erent media (one of them being free-space) which
may be exploited for its integration with other devices such as dielectric lenses.
63
3.3 All-dielectric Luneburg lens based antennas
In addition to anti-reflection coatings, GRIN materials have been extensively studied
in the field of imaging, mainly for implementing dielectric lenses. As early as 1854,
Maxwell proposed his fish-eye lens [12]. It consists of a spherical symmetric GRIN
medium with radially varying index profile given by
n(r) =
n0
1 + (r/a)2
, (3.5)
where r is the distance to the centre of the spherical lens, a its radius and n0 the
index of refraction of the background. Such a lens focuses light from a point on
its surface to the opposite point within the sphere, Fig. 3.7(a). From a geometrical
optics perspective, Maxwell’s fish-eye behaves as a perfect lens. Nonetheless, having
the source and the image embedded into the lens makes it impractical.
In 1944, Luneburg proposed a second spherical lens capable of focusing parallel rays
incident on one side of the sphere into a point at the opposite side [13], Fig. 3.7(b).
As Maxwell’s fisheye, the LL exhibits spherical symmetry with its index gradually
varying according to
n(r) = n0
p
2  (r/a)2. (3.6)
In such a distribution, the index of refraction reaches its maximum value at the
centre of the sphere and decreases with increased distance to it. Such a lens can
focus all the rays in a plane wave impinging its surface to a single focal point at
the opposite side. Conversely, if a point source located at its surface acts as the
(a) (b)Fish-eye Luneburg
SourceImage
Source
Image
Figure 3.7: Ray trajectories across the cross section of a (a) fish-eye and a (b) LL.
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(a) (b)
Figure 3.8: (a) Single and (b) ensemble of deployed LL antennas. Courtesy of MATSING
RF Lens Technologies.
feed, radiation would focus at infinity. The feed, or alternatively the image plane,
lying on the surface of the sphere, the constituent material exhibiting a gradient
index profile, and the outer index of refraction being perfectly matched to free-
space makes such idealised cases hard to realise in practice. Nonetheless, non-ideal
stratified LLs still perform excellently. In this version of the lens, the GRIN material
is typically replaced with a collection of concentric shells each of them exhibiting
a di↵erent homogeneous index of refraction so that the ideal continuous index is
discretised [14–16].
The ability to produce multiple simultaneous beams by including multiple feeds or a
single scanning feed, makes spherical lenses especially appealing. Similarly to reflec-
tor antennas extensively encountered in satellite communication systems, spherical
lenses have a primary aperture (the feed) and a secondary aperture (the lens) which
is electrically large. As a result, these systems usually o↵er medium to high direc-
tivity values. Additionally, by virtue of their spherical symmetry, LLs outperform
reflector antennas in terms of scanning loss, aperture blockage, uniformity of the
aperture illumination and cross-polarisation levels [17]. Likewise, they o↵er higher
scan angles than phased arrays with the further advantage of not su↵ering from
grating lobes and not relying on complicated Radio Frequency (RF) circuitry for
achieving the beam steering [18]. LLs have been used in microwaves for automotive
radar systems [19] and also show promise for communications [20]. Commercial
LL antennas are currently being deployed. Some examples of these are shown in
Fig. 3.8. Here, we suggest to integrate them together with the form-birefringent
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waveplates from chapter 2 to realise all-dielectric highly directive CP antennas.
3.3.1 Linearly polarised Luneburg lenses
Initially, a GRIN LL with radius a = 40 mm (a ⇠ 4.6  where   corresponds to
34.5 GHz) and index profile described by (3.6) is considered. The lens has been
simulated using the Finite Integration Technique (FIT) solver of CST Microwave
Studio together with the predefined macro for creating spatially varying materials,
which is provided with the 2015 version of the software. A small pyramidal horn
antenna with 10° taper angle and 10 mm length acts as the excitation. To this end,
the horn is fed with a standard WR-28 waveguide and located with the central point
of its aperture lying on the outer surface of the LL, i.e. at the focus. The simulated
3D directivity pattern of the lens-antenna system shown in Fig. 3.9(a) exhibits a
very directive pencil beam pointing at ✓ = 0° for an operating frequency of 34.5
GHz. Fig. 3.9(b) and 3.9(c) show the directivity patterns at the E- and H-planes,
respectively, with and without the lens. The lack of symmetry of the excitation horn
(a)
D(dBi)
27.8
-12.2
0
Luneburg
Lens
(b)
(c)
0
30
60
90
120
150
180
210
240
270
300
330
0
20
-20
0
30
60
90
120
150
180
210
240
270
300
330
-20
0
20
w lens
w/o lens
w lens
w/o lens
Horn
H-plane (φ = 90°)
E-plane (φ = 0°)
0.4 0.6 0.8
r/a
1
1.05
1.1
1.15
1.2
1.25
1.3
1.35
1.4
n
1.45
10.20
Figure 3.9: (a) 3D directivity pattern (dBi) of the LL antenna system. The inset shows
the refractive index profile as a function of the distance to the centre. (b)-(c) Directivity
pattern (dBi) at the (b) E- and (c) H-planes with and without the LL.
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produces small di↵erences between its E- and H- directivity patterns. These in turn
cause the patterns of the LL based antenna to slightly di↵er as well. As can be seen,
the presence of the lens increases the directivity by 16 dB, from 11.8 dBi o↵ered by
the horn antenna to 27.8 dBi. The power is confined to a very narrow beam with
7.9° and 7.5° 3dB beam-width and -36.2 dB and -24.5 dB Side Lobe Level (SLL) in
the E- and H-planes, respectively.
A very useful variant of the LL is a GRIN hemisphere in conjunction with a Ground
Plane (GP). In the ideal case of an infinitely thin GP extending to infinity, image
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Table 3.2: Stratified LL hemispherical lens. Radius and refractive index of the shells.
r (mm) 10 20 30 40
n 1.4087 1.3636 1.2686 1.1110
theory predicts an equivalent performance to two hemispheres with reflection sym-
metry along the GP (one real and a second one virtual) [21]. Hence, one would
expect a very similar performance to the spherical version, but with a reduced pro-
file, making the hemispherical LL advantageous for scanning antennas for satellite
communications with moving vehicles [22].
A hemispherical lens with radius a = 40 mm (a ⇠ 4.6  where   corresponds to
34.5 GHz) is considered next, Fig. 3.10(a). The GP is modelled as an infinitely
thin Perfect Electric Conductor (PEC) plane. In the simulations, its extension was
optimized to approximate the infinite GP case. To avoid aperture blockage, the feed
antenna is located at ⇠ = 45° from the z-axis. The horn is placed at the focus. The
simulated 3D directivity pattern shown in Fig. 3.10(b) exhibits a main lobe pointing
at (✓ = 45°,' = 90°) with similar width and directivity as that of the traditional
spherical LL. Fig. 3.10(c) and 3.10(d) show the directivity patterns at the E- and
H-plane, respectively. As can be seen, the main lobe has 10.7° and 7.9° 3dB beam-
width and -23.7 dB and -33.8 dB SLL in the E- and H-planes, respectively. This
is, the performance of the hemisphere is comparable to the spherical case despite
having half the size, as expected from the image theory.
A uniform discretisation of the hemispherical lens is studied in the following. The
discretised lens consists of 4 concentric hemispherical shells with equal thickness.
The radius of the shells and the refractive index of the constituent homogeneous
materials are given in Table 3.2. The directivity patterns obtained in this case are
shown in Fig. 3.11(a). A narrow main lobe with 27.7 dBi maximum directivity can
be clearly distinguished. Fig. 3.11(a) shows the directivity patterns at the E- and
H-planes. The main lobe has 10.7° and 8.1° 3dB beam-width and -27.5 dB and -29.9
dB SLL in the E- and H-planes, respectively. The reflection coe cient is shown in
Fig. 3.11(b). This suggests that impedance matching is nearly una↵ected by the
presence of the lens.
A comparison of the performance of the 3 lenses proposed in this section is in-
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Figure 3.11: (a) E- and H-plane directivity patterns (dBi). (b) Reflection coe cient
Table 3.3: 40 mm radius LL performance comparison.
E-Plane H-Plane
Antenna Dmax (dBi) 3dB width(°) SLL (dB) 3dB width (°) SLL (dB)
Spherical 27.8 7.9 -36.2 7.5 -24.5
Hemispherical 27.8 10.7 -23.7 7.9 -33.8
Stratified 27.6 10.7 -27.5 8.1 -26.9
cluded in Table 3.3. In all the cases, a very directive narrow pencil beam with
more than 27.7 dBi maximum directivity and less than 10.7° 3dB beam-width is
obtained. Likewise, the 3 of them exhibit excellent SLL (<  23.7 dB). These
results suggest that hemispherical LLs outperform spherical LLs in terms of di-
mensions, weight and amount of required materials, whilst o↵ering similar antenna
performance. Nonetheless, spherical LLs o↵er twice the scanning capabilities of its
hemispherical counterparts.
3.3.2 Circularly polarised Luneburg lenses
The next goal is to integrate the discretised hemispherical LLs from section 3.3.2,
with the form-birefringent quarter-plate presented in section 2.5.2. To this end, the
waveplate with thickness t = 19.4 mm bends following the hemispherical surface,
covering exactly half of it, Fig. 3.12. The waveplate is oriented with the sheets par-
allel to the GP. A square horn antenna with 15° taper angle and 10 mm length acts
as the excitation. This feed is positioned at the focus forming an angle ⇠ = 45° from
the z-axis to avoid blockage. Additionally, the horn has been rotated 45° about its
axis to produce the required polarisation for optimum LP-to-CP conversion. The
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Figure 3.12: Proposed CP LL antenna.
principle of operation can be understood from a geometrical optics perspective. Con-
sider a ray propagating from the horn towards the centre of the hemispherical lens.
After reflection at the GP, the ray changes trajectory and propagates through the
opposite half of the LL, towards the quarter-plate. The LL transforms the spherical
wave-front emitted by the horn, into a nearly planar one at the LL-waveplate inter-
face. Since the wave-front is almost planar when the wave reaches the quarter-plate,
its response approximates that presented in section 2.5.2 for plane wave excitation.
As a result, the quarter-plate introduces the necessary retardation for the LP wave
to become CP before it is radiated to the far-field.
This is confirmed in Fig. 3.13. Fig. 3.13(a) and 3.13(b) show the directivity patterns
at the E- and H-planes at 34.5 GHz, respectively, with and without the quarter-plate.
The pointing angle of the main lobe shifts very slightly when the quarter-plate is
considered, from (✓ = 48°, ' = 90°) to (✓ = 48.3°, ' = 90°). This deviation has been
accounted for in the E-plane definition in Fig. 3.13. As can be seen there, including
the quarter-plate does not degrade significantly the power patterns. A detailed
comparison of the performance with and without quarter-plate can be found in
Table 3.4. The main di↵erences arising when the quarter-plate is included are a 1.3
dB directivity maximum reduction (from 27.5 to 26.3 dBi) and an 8.3 dB H-plane
SLL increment, which becomes -12.6 dB. In return, the radiation becomes circularly
polarised. Fig. 3.13(a) and 3.13(b) show the AR in the vicinity of the main lobe
direction at the E- and H-planes, respectively. As can be seen there, the AR is < 1
dB for (✓ = 48.3°, ' = 90°) and < 3 dB for angular deviations smaller than 16° and
70
20° in the E- and H-planes, respectively. Note that these angular ranges are wider
than the 3 dB beam-width, hence assuring that most of the power radiated is CP
despite the quarter-plate conforming to the curved surface.
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Table 3.4: LP and CP LL 34.5 GHz performance comparison
E-Plane H-Plane
Antenna Dmax (dBi) 3dB width(°) SLL (dB) 3dB width (°) SLL (dB)
LP 27.5 10.2 -24 7.3 -20.9
CP 26.3 10.9 -21.5 8.1 -12.6
Finally, the frequency response of the CP LL is investigated in Fig. 3.14. There, it
can be seen that the directivity increases almost linearly with frequency, as is also
the case in traditional LP LL [11] excited by horns. From a directivity perspective,
the bandwidth is only limited by the source employed, the horn in this case. Per
contra, the AR bandwidth is governed by that of the quarter-plate. As shown in
the figure, it remains below 4 dB within the frequency range under consideration
without any optimization of the structure, which holds promise for this type of CP
lenses.
3.3.3 Conclusions
In this section, we have proposed a new approach for obtaining highly directive
and high purity CP antennas with low profiles, low SLL and reasonable bandwidth
[J4]. Furthermore, this technique may be adapted to operate with other types of
lenses, such as cylindral [11] or conformal [C2] LLs, widening the range of potential
applications. We departed from a GRIN spherical solution of the LL. Next, it was
shown that an hemispherical lens with a GP o↵ers similar performance, as expected
from symmetry considerations. For increased feasibility, the hemispherical solution
was discretised to give a collection of shells of homogeneous materials, although
similarly to the fabrication of the GRIN waveplates, other fabrication methods could
be employed (e.g. 3D printing). Finally, the designed discretised lens was integrated
with the quarter-plate from section 2.5.2 which is the ultimate responsible of the
high purity polarisation conversion obtained. This preliminary study indicates that
further studies in this direction are promising and may provide an alternative to
current CP reflectors, such as those based on High Impedance Surface (HIS) [23].
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Tradition is the illusion of
permanence.
Woody Allen
4
Leaky-wave nano-antennas based on
arrays of nano-particles
4.1 Introduction
In previous chapters, we proposed novel all-dielectric structures operating in the
mm-wave band that can overcome typical limitations associated with metallic struc-
tures. The mm-waves region of the electromagnetic spectrum remains one of the
most underdeveloped frequency bands. Novel technologies must be envisaged to
generate and receive signals at these frequencies at which free-space propagation
is also challenging (e.g. poor foliage penetration and high atmospheric path loss).
Future communications would benefit from operation at even higher frequencies.
For instance, the spectral region corresponding to the Near Infrared (NIR) and
optical waves are gaining popularity for high-speed point-to-point optical wireless
military and commercial communication systems [1], as well as for intersatellite
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communication links [2]. It is also a region in which control of electromagnetic
radiation emanating from optical sources, such as organic dye molecules [3], semi-
conductor quantum dots [4] or diamond colour centres [5] in specific directions with
sharp angular characteristics is critical. The use of single photon emitters in com-
bination with optical antennas opens up fascinating new perspectives for quantum
information science, providing unique opportunities in quantum computing, commu-
nication and metrology, among others [6]. However, as these sources are typically
embedded into planar slabs, e cient extraction of the emitted photons is extremely
challenging. Di↵erent routes have been explored towards improving their extrac-
tion e ciency, including microcavities [7,8] and nano-antennas [9–13]. However, the
proposed nano-antennas usually rely on plasmonic e↵ects which are inherently lossy,
whilst planar and hemispherical microcavities o↵er poor directivity values or require
a very precise positioning of the emitter, respectively. In this chapter, we introduce
for the first time the use of Leaky-Wave (LW) antennas similar to those described
by Trentini in 1956 [14] in the NIR regime. LW antennas have been extensively
used for tailoring the radiation pattern of low directive sources in the microwave
regime. They can concentrate the radiated power into highly directive pencil-beams
at the frequency of operation and conical beams –radiation focused at a certain
scan angle from the vertical axis– above it [15]. A common type of 2D LW antenna
consists of a Partially Reflecting Surface (PRS) over a Ground Plane (GP) forming
a half-wavelength Fabry-Pe´rot (FP) cavity. The PRS often comprises one high per-
mittivity dielectric layer [16, 17] or a stack of dielectrics with alternating high and
low permittivity values [18, 19]. However, in the latter case, the required number
of layers to obtain high directivity is large, leading to devices with increased lateral
profiles. PRSs consisting of single-layered metasurfaces, e.g. 2D arrays of metallic
patches [15] or slots drilled in metal planes, have been proposed to overcome this
limitation [20].
The operating principle can be understood using the simplified FP cavity model
illustrated in Fig. 4.1 [14, 21]. A horizontal hertzian electric dipole located just
above the GP (at point P) acts as the feeding source. Nonetheless, the model can be
adapted to allow arbitrarily positioned sources. Such a source emits outward radially
propagating LWs which determine the radiation pattern of the LW antenna [22].
From a geometrical optics perspective, the source emits a ray at an arbitrary angle
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Figure 4.1: Fabry-Pe´rot cavity model describing the operation of a LW antenna.
↵. The highly reflective PRS allows the radiation to leak out, while the GP reflects
all the incident power, avoiding power lost in the backward direction. Thus, when
the emitted ray reaches the PRS, part of the power is transmitted (ray 0) and part
is reflected into the cavity. After reflecting at the GP, a new ray propagates towards
the PRS where it is partially transmitted (ray 1) and reflected, and so on. The
cavity height can be tailored so that the multiple transmitted waves are in-phase,
constructively interfering to enhance radiation in a certain direction, e.g. broadside.
This concept is here tailored to the NIR band to provide significantly enhanced
and highly confined electromagnetic fields. In addition, the planar nature of these
antennas makes them especially suitable for their integration with planar slabs. As
we shift towards higher frequencies the electromagnetic properties of the materials
increasingly di↵er from those at microwaves. At optical frequencies, metals no longer
behave as (nearly) Perfect Electric Conductor (PEC). Their permittivity is rather
described by a complex frequency dispersive Drude’s model, (4.1) [23]. Since metals
(and most natural materials) exhibit negligible optical magnetic responses (µ = 1),
they are fully characterised by (4.1)
"m(!) = ✏1  
!2p
!2 + j !
(4.1)
where !p represents the plasma frequency,   is the damping frequency and the value
at infinity ✏1 is typically chosen for an accurate fitting to experimental data [24].
(4.1) can be re-written as ✏m(!) = ✏0 + j✏00 with
✏0 = ✏1  
!2p
!2    2 , (4.2)
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✏00 =
!2p 
(!2 +  2)!
. (4.3)
The imaginary part, ✏00, is associated with losses and non-negligible field penetra-
tion into metals, (4.6) whilst the real part, ✏0, is directly related to plasmonic e↵ects,
which will be the focus of chapter 5. For the purpose of the present chapter, it is
enough to notice that plasmon excitation may alter the performance of an antenna
–as given by traditional design guidelines– in addition to significantly increase dis-
sipation losses. Per contra, typical dielectric losses are low and usually neglected
within the NIR frequency range where alternative loss mechanisms become impor-
tant, e.g. scattering losses [25].
In the following, nanoparticle arrays are employed to implement PRSs at optical fre-
quencies (section 4.2) for their application to FP LW nano-antennas operating in the
NIR part of the electromagnetic spectrum (section 4.3) [J5, C3]. Recent advances in
nanotechnology provide the necessary resolution to fabricate arrays of metallic nano-
particles with sub-wavelength features and su ciently high filling factors required
for manufacturing such PRSs [26–28]. Our results show how LW nano-antennas
allow to shape the radiation pattern of optical sources. The performance of the
nano-antenna is studied using full-wave simulations and the reciprocity theorem.
The same approach has been previously validated experimentally in the microwave
regime [29]. A detailed explanation of the analysis and the results obtained follow-
ing this procedure can be found in subsection 4.3.1. To gain a better insight on
the e↵ect of the geometry on the performance of the nano-antenna, a parametric
study is presented in subsection 4.3.2, where the similarities and di↵erences with
traditional LW antennas are highlighted and discussed. Finally, the conclusions are
summarised in section 4.4.
4.2 Optical partially reflecting surfaces
A PRS consisting of an infinite grating of square silver (which exhibits low intrinsic
losses within the NIR) nano-patches with thickness t = 20 nm and side l = 200 nm
arranged in a 2D square lattice with periodicity a = 250 nm is considered, Fig. 4.2(a).
The dielectric function of silver is described by (4.1), with !p = 1.39 ⇥ 1016 rad/s,
  = 5.13 THz and ✏1 = 5 [24]. The PRS is assumed to be embedded in silica
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Figure 4.2: (a) Proposed PRS. (b)-(c) Angular reflection spectra of a PRS with l = 200
nm, a = 250 nm and t = 20 nm at ' = 0°, 90° for a (b) TM and a (c) TE polarised wave.
The plasmonic Brewster’s angle is indicated with a white dashed line.
(n = 1.45).
Fig. 4.2(b) and 4.2(c) show the angular reflectivity spectra for Transverse Mag-
netic (TM) and Transverse Electric (TE) polarised incident waves, respectively. A
maximum at about 300 THz can be observed for both polarisations. At oblique inci-
dence, the TM and TE spectra show some important di↵erences. For a TM polarised
wave, Fig. 4.2(b) shows a vertical band (50–260 THz) with almost zero reflectivity
that is not present for TE polarisation. This broadband extraordinary transmission
e↵ect has been attributed to anomalous perfect impedance matching of the imping-
ing electromagnetic radiation at the plasmonic Brewster’s angle in optical plasmonic
gratings and can be predicted using a Transmission Line Model (TLM) [30–32].
The condition for anomalous perfect matching is given by
cos ✓B =
 s(a  l)
k0an
, (4.4)
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where k0 is the free-space wave-number and  s that in the equivalent transmission
line, which can be obtained by numerically solving the following transcendental
equation
tanh
q
 2s   n2k20
a  l
2
 q
 2s   n2k20 =  
n2
✏m
q
 2s   k20✏m. (4.5)
As observed in (4.4), the matching condition does not depend on the thickness of the
grating. Moreover, it only holds when the metallic nano-particles are optically thick
enough to prevent direct transmission through them, i.e. thicker than the skin-
depth. The skin-depth   can be calculated from the conductivity   of the metal
as
 (!) =
r
2
!µ0µ 
, (4.6)
with   = !✏0✏00 where ✏00 is the imaginary part of the metal’s permittivity (4.1).
In our case, the nano-particles forming the PRS are thinner than the skin-depth al-
lowing the incident E-field to penetrate the metal whilst su↵ering very little absorp-
tion. As a result, transmission occurs not only through the gaps between adjacent
nano-patches but also through the nano-particles, causing the angle of minimum
reflectivity to deviate from that predicted by the TLM (indicated by a dashed line
in Fig. 4.2(b)).
When the wave impinging the PRS is TE polarised, a horizontal narrow band of
zero reflectivity is observed in Fig. 4.2(c). This wide-angle resonance is originated
by the excitation of a localized surface plasmon (LSP) which splits the reflectivity
maximum [23]. Similar LSPs are studied in detail in chapters 5 and 6 in di↵erent
array configurations.
4.3 Fabry-Pe´rot type leaky-wave nano-antennas
The LW nano-antenna is formed by locating a su ciently thick silver GP at h =
398 nm from the PRS (h ⇠  /2). Unless otherwise stated, the nano-antenna is
completely embedded in silica, ni = no = 1.45, in order to avoid any mismatch
e↵ect. The inhomogeneous case, ni 6= no, will be discussed later in this chapter.
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In [14], it was shown that the magnitude of the reflection coe cient of the PRS
determines the maximum directivity of the nano-antenna whilst the pointing angle
is related to its phase. The height of our cavity h is slightly shorter than expected
from traditional antenna design ( /2) due to the non-negligible field penetration
into the metal [33]. This e↵ect can be understood as the cavity having an increased
e↵ective height.
A y-directed optical source emitting at 252 THz is placed at the centre of the
cavity, Fig. 4.3(a). Such a source emits TMz and TEz electromagnetic waves which
determine the E- and H-planes of the antenna, respectively [22]. Our simulations
show that the position of the source along the XY plane has very little e↵ect on
the radiation pattern, in contrast to its vertical position, as indicated by the field
distribution shown in Fig. 4.3(b). There, a perturbed version of the TM/TE first
order mode of the corresponding parallel plate cavity is observed upon excitation
of the source. At the frequency of operation, a standing wave in the transverse
direction is formed, being the field maximum at d ⇠ h/2. The separation from
the source to the free surfaces is su cient to avoid non-radiative recombinations
associated with surface states thus conserving source coherence [34].
4.3.1 Analysis of leaky-wave nano-antennas via the Rayleigh-
Carson reciprocity theorem
The performance of the LW nano-antenna is analysed using CST Microwave Studio
together with reciprocity. According to the Rayleigh-Carson reciprocity theorem,
the receiving pattern of an antenna equals that of its transmission pattern [35].
Therefore, assuming a y-directed optical source at d, the problem of calculating the
far-field radiated by the LW nano-antenna reduces to sampling the y-component
of the electric near-field at the source position when a plane-wave impinges from
any angle of incidence (✓,') [36]. The 3D directivity pattern, Fig. 4.3(c), is then
obtained as the ratio of the radiation intensity in each direction and the power
emitted by the nano-antenna over the whole space [9]
D(✓,') =
4⇡P (✓,')RR
P (✓,')d⌦
, (4.7)
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Figure 4.3: (a) Side view of the LW nano-antenna. The source is shown with a red arrow.
(b) Normalized E-field distribution at normal incidence. The position of a nanopatch and
the GP are indicated with dashed white lines. (c) 3D-Directivity pattern (dBi) of the
nano-antenna. (d)-(e) Directivity pattern at the (d) E- and (e) H-plane. (f) Directivity
at broadside when the source is oriented at an angle from the y-axis.
where the integration is performed with respect to the solid angle ⌦ = sin ✓d✓d'.
Fig. 4.3(c) shows that the dipole characteristic toroidal pattern has been transformed
into a highly directive narrow pencil beam with 13.8° 3dB-angular width at the
frequency of operation of the nano-antenna. The directivity at broadside (✓ = 0°) is
21.2 dBi. TM-polarised waves impinging at the angle of minimum reflection shown
in Fig. 4.2(b) will essentially contribute to the z-component of the E-field to which
a horizontal source cannot couple. Thus, no side-lobes are observed regardless of
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the reflection minimum in the angular spectra. However, it is worth mentioning
that for those sources in which the z-component plays an active role, for instance
a vertical dipole, radiation at the plasmonic Brewster’s angle should be expected.
On the other hand, the wide-angle zero reflectivity band in the TE polarisation
response of the PRS observed in Fig. 4.2(c) is above the operating frequency of the
nano-antenna, not a↵ecting its performance. The directivity patterns at the E- and
H-planes (' = 90° and ' = 0°, respectively) for two di↵erent frequencies depicted
in Fig. 4.3(d) and 4.3(e) are nearly symmetrical. Increasing the operating frequency
or employing higher cavities, results in the resonant condition of the cavity being
fulfilled at oblique incidence. Consequently, the pointing angle increases and the
pencil beam turns into a conical beam. This e↵ect is shown with dashed red lines
in Fig. 4.3(d) and 4.3(e).
The quantum e ciency ⌘q is given by the ratio between the relative and the total
decay [9]
⌘q =
Krad
Krad +Knrad
, (4.8)
where the radiative Krad and non-radiative Knrad decays can be obtained from (4.9)
and (4.10), respectively.
Krad =
RR
P (✓,')d⌦RR
P0(✓,')d⌦
, (4.9)
Knrad =
Pdiss(✓,')d⌦RR
P0(✓,')d⌦
, (4.10)
being P0 the power radiated by an hertzian dipole and Pdiss the total power dissipated
in metals. By substituting (4.9) and (4.10) in (4.8), the quantum e ciency can be
written as the ratio of the power emitted by the nano-antenna when metal losses
are considered over the loss-less case
⌘q =
RR
P (✓,')d⌦RR
Ploss-less(✓,')d⌦
, (4.11)
In other words, it is equivalent to the antenna e ciency neglecting the mismatch,
i.e. the radiation e ciency from traditional antenna design. In our case, this is
99.7% at 252 THz.
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Due to fabrication limitations, a precise control on the orientation of optical sources
is extremely challenging –e.g. small organic molecule emitters are synthesised via a
solution of dye and polymers, so that typically, the emitters are arbitrarily oriented.
Fig. 4.3(f) shows that the directivity at broadside varies less than 2 dB when the
source is rotated by an angle ⇠ about the z-axis, i.e. the performance of the LW nano-
antenna here presented is barely a↵ected by orientation changes in the XY-plane,
significantly alleviating problems associated with orientation uncertainty. This could
be improved further by using alternative lattice configurations, e.g. an hexagonal
lattice.
4.3.2 E↵ect of the geometry of the partially reflective sur-
face on the nano-antenna perfomance
To gain a better understanding of the performance of the nano-antenna, a parametric
study of the PRS geometry was performed and its results summarized in Fig. 4.4
and 4.5. The e↵ect of varying the dimensions of the nano-patches is investigated and
presented in Fig. 4.4 for a periodicity a = 250 nm. Silver’s inherent losses are very
low in this frequency range. Therefore, larger nanopatches produce more reflective
PRSs whilst barely increasing the absorption (red curve in Fig 4.4(a)) which in turn
results in higher values of directivity (purple curve). For l = 200 nm the directivity
at broadside is maximized. Fig. 4.4(b) shows the resonant frequency of the cavity for
varying angle of incidence when l = 200 nm. It can be observed that, at the operating
frequency of the nano-antenna, the resonant condition is fulfilled at broadside. For
larger values of l, the gaps between adjacent nano-patches are significantly reduced.
As a result, the operating frequency of the nano-antenna is red-shifted, as suggested
by Fig. 4.4(c). At higher frequencies, constructive interference is achieved at angles
di↵erent from broadside, resulting in the beam splitting.
Fig. 4.4(d) shows the directivity at broadside for l = 180, 190 and 200 nm. As a
consequence of increasing the size of the nano-patches up to the optimum l = 200
nm, the 3dB fractional bandwidth is reduced. Coupling of the cavity to the incoming
plane wave decreases, resulting in higher external quality factors and thus lower 3dB
fractional bandwidths. In particular, for l = 200 nm the 3dB bandwidth is 2.8%
for a central frequency of 252 THz while for l = 190 nm and l = 180 nm it is 3.7%
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Figure 4.4: (a) Directivity at broadside (right axis) and PRS reflectivity (left axis) at
252 GHz when a = 250 nm, t = 20 nm, h = 398 nm and l = 180   220 nm. (b)-(c)
Resonance frequency vs. ✓ when (b) l = 200 nm and (c) l = 210 nm. (d) Directivity at
broadside when l = 180  200 nm.
and 5.1%, respectively. In conclusion, there is a trade-o↵ between directivity and
bandwidth. The periodicity also plays a key role in the performance of the nano-
antenna. If the period is below the first Bragg resonance (a <  /2) such as the
case presented here, only the zeroth di↵raction order is radiated. Thus, the e↵ect
of varying the periodicity within this range can be understood as complementary of
that obtained when changing the dimensions of the nano-patches, i.e. it varies the
density of patches, and hence the reflectivity of the PRS. The optimum periodicity
was found to be a = 250 nm.
Typically, when designing LW antennas in the microwave regime, metals are as-
sumed to be good conductors with negligible thickness. This assumption is not
valid at the frequency range at hand. Furthermore, the e↵ective height of the cavity
depends on the field penetration and hence, on the thickness of the nano-patches.
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(a) (b)
Figure 4.5: (a) Directivity at broadside when t = 20  200 nm. The purple solid line is
the directivity at 252 THz and the red dashed line at the frequencies at which the pencil
beam is obtained (indicated in the legend). (b) TM reflectivity spectra when t = 200 nm.
The plasmonic Brewster’s angle is shown with a white dashed line.
The e↵ect of the thickness of the metallic nano-patches in the nano-antenna radi-
ation performance is studied in Fig. 4.5(a). The solid line shows the directivity at
broadside at 252 THz for a given cavity height. For t 6= 20 nm the radiation pattern
has a conical shape, since the nano-antenna is not tuned to the operating frequency.
The dashed line shows the directivity at the frequency at which the pencil beam
is obtained for the di↵erent values of thickness indicated in the figure. For thicker
nano-patches, the operating frequency is red-shifted. When the grating is su -
ciently thick, i.e. the nano-patches are thicker than the penetration distance, the
power is only transmitted through the gaps, diminishing the directivity. Since field
penetration is negligible in this situation, the angle of minimum reflectivity and the
plasmonic Brewster’s angle calculated using the TLM agree excellently, Fig. 4.5(b).
4.3.3 Influence of the environment. The inhomogeneous
case.
A more practical scenario consists of a LW nano-antenna surrounded by an inho-
mogeneous dielectric medium so that the power radiated couples to free-space. In
this case, the PRS is assumed to lie on a dielectric medium with refractive index
ni while the surrounding space is vacuum (no = 1), 4.3(a). This situation is illus-
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Figure 4.6: (a) Directivity pattern (dBi) at the E- and H-plane when ni 6= no and the
PRS lies on top of the silica slab at 266 THz (red dashed line), and when embedded at
259 THz (black dotted line). The homogeneous case (purple solid line) is included for
comparison. (b) PRS angular reflectivity spectra for both incoming polarisations.
trated in Fig. 4.6(a) for two cases, namely a PRS laying on top of a silica slab and
a PRS embedded in silica. The dimensions of the nano-antenna are equal to those
indicated in Fig. 4.2 and 4.3. For the sake of comparison, the LW nano-antenna
pattern for ni = no = 1.45 has also been included. When the PRS lies on top of the
slab, the index mismatch results in reduced directivity, increased beam-width and a
blue-shift of the operating frequency. This can be explained by looking at the angu-
lar reflection spectra of the PRS in Fig. 4.6(b). Reflectance at normal incidence is
much lower than in the homogeneous case. Consequently, the directivity is reduced
by 8 dB. The performance can be moderately improved with the embedded PRS
which shows a directivity of 16 dBi. Other techniques such as employing gradient
index substrates may further enhance the directivity [37].
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4.4 Conclusion
In conclusion, we have shown that 2D periodic FP cavity type LW nano-antennas can
control the far-field emission of optical sources [J5, C3]. They can tailor the radiation
pattern of low directive emitters into very narrow highly directive pencil beams (over
21 dB directivity at broadside). We have also considered the case in which the nano-
antenna is embedded in an inhomogeneous substrate. Our results show that the
nano-antenna still o↵ers a good performance in this scenario. Its planar nature may
ease its integration with embedded sources. In addition, the nano-antenna does not
rely on plasmonic e↵ects, with the advantage of reduced non-radiative losses and
higher separation to metallic parts than previously reported designs [10]. Lastly,
the roles that the cavity height, nano-patches’ dimensions and array’s periodicity
have on the overall performance have been analysed. The results of this study can
serve as guidelines for frequency tuning the nano-antenna to other frequencies for
its adaptation to di↵erent optical sources. Such a device could find many interesting
applications in quantum communications and quantum cryptography [6], imaging
systems [3] and sensing [38]; for which further investigation in this direction may be
promising.
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Who are you going to believe,
me or your own eyes?
Groucho Marx
5
Magnetic and electric hot-spots in
plasmonic nano-particle gratings
5.1 Introduction
Metallic gratings respond di↵erently to optical waves than they do to microwaves.
For instance, the angular response of the Partially Reflecting Surface (PRS) designed
in the previous chapter showed abnormal zero reflections bands (section 4.2) which
were attributed to plasmonic e↵ects. As these are not described by traditional
antenna design principles, they can severely alter the operation of the antenna. To
avoid any performance degradation, they must be accounted for during the early
stages of the design process. To this end, understanding their physical origin, their
e↵ects, as well as how they interfere with other electromagnetic phenomena, or how
they are a↵ected by variations of the geometry is critical. Whereas the plasmonic
Brewster angle is well documented in the literature [1–3], there is limited information
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about localised Edge Plasmons (EPs), and most of the available studies focus on
isolated nano-particles rather than arrays [4,5]. In this chapter, we will numerically
investigate these localised plasmonic modes in depth.
The origin of plasmons can be traced to (4.2). From (4.2), it can be observed that
✏0 is negative below a certain frequency. Within this range, metallo-dielectric inter-
faces support bounded modes associated with collective charge oscillations: Surface
Plasmon Polaritons (SPPs) [6]. The unique properties of SPPs enable a wide range
of nanophotonic applications, such as sub-wavelength imaging [7], single molecule
sensing [8] and invisibility cloaking [9]. Additionally, plasmonics allows breaking
the di↵raction limit for the localization of light into sub-wavelength dimensions, en-
abling strong field enhancements [10, 11]. Since light-matter interaction is mostly
mediated by the electric component of the electromagnetic field, with the magnetic
component usually being considered negligible [12], typically only electric enhance-
ment is realised [13, 14]. Nonetheless, it has been shown that properly engineered
metallic nano-structures can provide optical magnetic responses thanks to real or
virtual electric current flows. These may not only result in strong electric hot-spots,
but also in strong concentrations of the magnetic field [15–18]. Hence, both electric
and magnetic nano-antennas can be implemented in virtue of the excitation of SPPs.
Here, we focus on metallic nano-particles Localised Surface Plasmons (LSPs) (sec-
tion 5.2). An infinite plasmonic waveguide with circular cross-section is initially
investigated (subsection 5.2.1), as the supported modes are well known and can be
obtained analytically [19]. Similar modes arise when finite waveguides –nano-rods–
are considered, i.e. when the length of the waveguide enables Fabry-Pe´rot (FP)
cavity resonances. These cavity modes are discussed in subsection 5.2.2. A di↵erent
scenario consists of a very short section of waveguide: a nano-disk. In this case,
the waveguide modes become evanescent and other resonant e↵ects become more
important, e.g. EPs. A thorough analysis of such EPs can be found in subsection
5.2.3 [J6, C4]. Arranging the nano-particles in arrays o↵ers additional degrees of
freedom for tailoring their interaction with light. Studying the LSPs supported by
nano-particles’ arrays is the scope of section 5.3. In section 5.3.1, it is shown that, as
expected, the individual nano-particles LSPs are also present in this configuration.
Among them, nano-disks’ EPs are investigated in section 5.3.1, where special atten-
tion is paid to the required conditions for their coupling to incident light and the
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e↵ect of the geometry. However, these EPs are not the only LSPs supported by ar-
rays. FP modes producing strong field concentrations in the gaps between adjacent
nano-particles (section 5.3.2) are also supported. In section 5.3.2, it is shown that
depending on the configuration, such modes may originate electric and/or magnetic
hot-spots [J7]. Finally, the conclusions are presented in section 5.4.
5.2 Localized surface plasmons in individual nano-
particles
SPPs are bounded electromagnetic waves which propagate along metallo-dielectric
interfaces and are confined to their vicinity, arising from collective charge oscillations.
A special case of coherent oscillations may arise when the interfaces form closed
surfaces, as is the case of nano-particles. The resulting non-propagating modes,
referred to as LSPs, depend on the shape, size and background of the nano-particles,
and are responsible for two important phenomena: a) strong field enhancements
localized to the nano-particle surface, and b) strong absorption and scattering peaks
at the resonant frequencies [10].
Interestingly, LSPs have been unknowingly exploited by artists since ancient times.
A unique piece which owes part of its beauty to the particular optical response of
LSPs is Lycurgus cup, two photographs of which are shown in Fig. 5.1. The cup is
made of ruby glass, which contains sub-wavelength gold nano-particles that are re-
sponsible for the colour change that the cup undergoes under di↵erent illumination
conditions. In daylight, Lycargus cup shines green (left image), whilst it becomes red
when illuminated from the inside (right image). The reason behind the colour change
is the gold nano-particles embedded in the glass exhibiting a Localised Surface Plas-
mon Resonance (LSPR) in the red region of the visible spectrum. Similarly, the rich
bright colours embellishing many cathedral windows fabricated, for instance, from
stain glass, also involve the excitation of LSPs. More recent applications of LSPs
include high absorption photovoltaic cells for more e cient energy harvesting [21],
as well as ultra-fast switching, frequency conversion and optical signal modulation
via enhanced non-linear e↵ects [22], among others. Likewise, the high sensitivity
of LSPs to the nano-particle’s surrounding environment makes them particularly
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Figure 5.1: Lycurgus cup (British museum; 4th century AD). The cup undergoes a
colour change under di↵erent illumination conditions. Reproduced from [20].
suitable for high performance sensing applications [23, 24].
5.2.1 Plasmonic waveguides with circular cross-section
A common problem in any electromagnetism course consists of an electromagnetic
wave propagating inside a hollow waveguide whose walls are made of Perfect Elec-
tric Conductor (PEC). This problem can be solved by enforcing PEC boundary
conditions at the waveguide walls, i.e. the tangential electric component equals zero
(Ek = 0). Nonetheless, since metals in the optical range behave di↵erent to PEC,
the wave-guiding problem must be revisited.
A waveguide consisting of a circular cylinder of radius r and infinite length embed-
ded in an infinite homogeneous medium is considered. Its cross-section is depicted
in Fig. 5.2. Without loss of generality, the cylinder is oriented along the z-axis. The
frequency dependent permittivity of the cylinder is ✏C(!), whilst that of the sur-
rounding medium is ✏D(!). No restriction is imposed as yet upon neither of them.
In this configuration, the fields are a combination of trigonometric, exponential and
Bessel functions (appendix C). In particular, the field components in cylindrical
coordinates are given by [19,25]
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Figure 5.2: Cylindrical waveguide with r-radius circular cross section. The cylinder is
made of a material with permittivity ✏C and surrounded by a homogeneous medium with
permittivity ✏D.
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Figure 5.3: Dispersion relation of the lower order modes of a free-standing infinite Ag
nanowire with 160-nm-radius circular cross-section in free-space. (a) n = 0, (b) n = 1, (c)
n = 2 and (d) n = 3. Darker shades represent smaller values. The light-line is shown in
white.
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where the super-index i identifies the region of space where the fields are being
calculated. Two di↵erent areas may be distinguished: i = C corresponding to ⇢ < r
and i = D (inside the cylinder) where ⇢ > r (outside the cylinder). Inside the
cylinder, ZCn (x) = Jn(x), i.e. the Bessel function of the 1st kind of order n ensures
the fields are finite at the center of the cylinder (⇢ = 0). For the outer region,
ZDn (x) = H
(1)
n (x), the Hankel function of the 1st kind of order n. This guarantees
the proper behaviour at infinity. The primed Bessel functions denote di↵erentiation
with respect to the argument x = Ki⇢. Although we will limit ourselves to non-
magnetic media, the magnetic permeabilities in the two regions µC and µD have
also been included. The remaining variables Sn and Ki where, as before, i = C, D
denotes the region in space are
Sn = exp [jn'+ jkzz   j!t] , (5.7)
K2i = !
2✏i(!)  k2z . (5.8)
The unknown coe cients ain and b
i
n are obtained by applying the boundary con-
ditions at ⇢ = r. In the case of a plasmonic waveguide, these are: the tangential
components of the electric and magnetic field must be continuous across the in-
terface. The resulting system of homogeneous equations is available in [25]. Its
non-trivial solution may be obtained by letting the determinant vanish. Finally, the
transcendental equation whose solutions are the dispersion relation of the modes
supported by such a waveguide is [19]
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Figure 5.4: (a) Simulated dispersion relation of the lower order modes of a free-standing
infinite Ag nano-wire with 160-nm-radius circular cross-section. (b)-(d) Normalized elec-
tric field intensity patterns at (b)-(c) 1000 THz and (e) 1200 THz.
F (kz,!) = A(kz,!)B(kz,!) + E(kz,!) = 0, (5.9)
with
A(kz,!) =
µC
KCr
J 0n(KCr)
Jn(KCr)
  µD
KDr
H(1)0n (KDr)
H(1)n (KDr)
, (5.10)
B(kz,!) =
(!/c)2✏C(!)
µCKCr
J 0n(KCr)
Jn(KCr)
  (!/c)
2✏D(!)
µDKDr
H(1)0n (KDr)
H(1)n (KDr)
, (5.11)
E(kz,!) = n
2k2z

1
(KDr)2
  1
(KCr)2
 2
. (5.12)
In general, the dispersion relation in (5.9) cannot be solved analytically. Neverthe-
less, its solutions can be numerically approximated via root finding. To illustrate
this, a numerical example is studied next. The dispersion relation of the n = 0-
3 modes, with n indicating the number of azimuthal (') variations, supported by
a free-standing (✏D = 1) silver waveguide with radius r = 160 nm is depicted in
Fig. 5.3. Silver’s complex dielectric permittivity ✏C(!) is described by (4.1) with
✏1 = 1, !p = 1.37⇥1016 rad/s and   = 40 THz [26]. The (f, kz) pairs corresponding
to the roots of (5.9) appear as black curves in the figure.
Fig. 5.4(a) shows the dispersion relation simulated using an eigenmode solver [27].
The agreement with the theoretical curves in Fig. 5.3 is excellent. The E-field
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intensity pattern of the various modes are shown in Fig. 5.4(b)-5.4(e). Clearly,
the n = 0 - 3 modes’ intensity patterns show a monopole, dipole, quadrupole and
hexapole field distribution, respectively. In addition, the intensity distributions in
Fig. 5.4(b)-5.4(d) suggest that higher order modes produce less localized E-fields
which is in good agreement with the theory –note that for a given frequency (1000
THz in 5.4(b)-5.4(d)), Fig. 5.4(a) shows the real part of kz decreasing for increasing
n, which is associated with weaker localization to the waveguide interface [28].
5.2.2 Cavity modes in nano-rods
Infinite waveguides as those described in the previous section cannot be realised in
practice. However, similar modes may arise when finite sections of waveguide, often
referred to as nano-wires or nano-rods, are considered.
Fig. 5.5(a) shows the schematic of a nano-rod with radius r and length L terminated
in flat ends. The nano-rod is illuminated by a plane-wave propagating at an angle
↵ of its axis. It has been shown that finite nano-rods act as resonators for SPPs
[29]. The discontinuities at the nano-rod’s edges form a cavity that supports FP
resonances which in turn produce standing waves along its length. The extinction
cross-section, which is often employed to describe the interaction between nano
scale objects and light [5], can be used to analyse this phenomenon. The Finite
Integration Technique (FIT) solver of CST Microwave studio has built-in functions
that automatically integrate the total power scattered and absorbed by the nano-
rod to give the scattering and absorption cross-section, respectively. The simulated
extinction cross-section can then be simply obtained via the summation of these
two   =  s +  a, with  s and  a indicating scattering and absorption cross-section,
respectively.
Fig. 5.5(b) shows the simulated   when a plane-wave with E-field polarised along
the axis of a silver nano-rod with r = 30 nm and L = 500 nm acts as the excitation
(↵ = 90 ), and when incidence is oblique (↵ = 30 ). Note that incident light
couples to di↵erent order FP modes in each case. E cient coupling to one mode or
another depends on mode matching, which requires not only a good spatial overlap
of the intensity profiles, but also matching the phase profiles. The quality of mode
matching and in turn, the coupling e ciency, can be evaluated using an overlap
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Figure 5.5: (a) Schematic of a finite nano-rod with radius r and length L terminated
in flat ends. An incident plane-wave propagates forming an angle ↵ with the axis of the
nano-rod. (b) Scattering cross-section when ↵ = 30  and 90 . (c) E-field distribution
(colour map) and current density (white arrows) at the frequencies labelled in (b). (b)-(c)
The nano-rod has r = 30 nm and L = 500 nm.
integral [30]
⌘ =
|R E⇤iEmdS|2R |Ei|2dS R |Em|2dS , (5.13)
where Ei and Em are the complex E-field distributions of the incidence and the FP
mode, respectively. For ↵ = 90 , only the odd order FP cavity resonances ( /2
and 3 /2) are excited. Odd order modes exhibit antisymmetric charge distributions
enabling their excitation by such a plane wave. Contrarily, even order FP modes
cannot be excited in this configuration due to the overlap integral vanishing. By
tilting the E-field (↵ = 30°), the overlap integral becomes non-zero making even
order FP modes ( ) accessible. Note that all the above resonances belong to the
fundamental radially polarised mode (n = 0). Higher order modes are at cut-o↵ for
the considered frequency range.
Since the nano-rod edges are not perfect mirrors, SPPs are not reflected exactly at
them. As a consequence, the conventional FP resonant condition
kzL = m⇡, (5.14)
where kz represents the wavenumber of the mode and m = 1, 2, 3, ... indexes the
FP resonance order, is not perfectly satisfied. Instead, the field penetrates a certain
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Figure 5.6: (a) First 4 lower order FP cavity resonances of a r = 30 nm Ag nanowire
with varying L obtained from the cross-section simulated with CST when ↵ = 30°. All
of them are related to the n = 0 mode of the infinite waveguide. (b) Resonant frequency
of the m = 1 mode. (c) Required length of the nano-rod and (d) extra phase-shift upon
reflection at its boundaries so that the m = 1 mode resonates at a certain frequency.
distance into the background and (5.14) must be modified to account for this e↵ect.
Algebraically, field penetration can be described as an increased e↵ective length
Leff > L so that the condition reads [31]
kzLeff = m⇡; (5.15)
or considering an extra phase-shift   introduced upon reflection at the edges [29]
kzL+   = m⇡. (5.16)
The accuracy of (5.14)-(5.16) is investigated in Fig. 5.6. Fig. 5.6(a) shows the
resonant frequencies of the m = 1 - 4 modes of a nano-rod with r = 30 nm and
varying L. All of these are associated with the n = 0 order mode of the infinite
waveguide and have field profiles (not shown) similar to that in Fig. 5.4. The
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resonant frequencies were obtained from the position of the various peaks in the
simulated cross-section for ↵ = 30°. Two typical features of FP resonators can be
observed in Fig. 5.6(a). On the one hand, for a given length of the nano-rod, the
resonant frequency increases for higher mode order. On the other, the resonant
frequency red-shifts as the nano-rod lengthens, being this red-shift linear with L
(in terms of wavelength), as corresponds to a mode wavelength of the form  m =
2⇡L/m.
For simplicity, only the lowest order cavity mode (m = 1) has been considered in
Fig. 5.6(b)-5.6(d). Fig. 5.6(b) shows a comparison between the simulated resonant
frequency and that calculated using (5.14) in combination with (5.9). As can be
seen, the theoretical results considerably deviate from the simulations. The resonant
conditions (5.15) or (5.16) provide increased accuracy, since they account for the
e↵ective mode wavelength shortening. Fig. 5.6(c) shows that the e↵ective length of
the nano-rod (given by (5.15)) so that it resonates at the frequency indicated by the
simulations is considerably larger than its physical length. Similar results may be
obtained using (5.16), where instead of an e↵ective length, a non-zero phase-shift is
considered. The required phase-shift so that both models are equivalent is shown in
Fig. 5.6(d) which significantly deviates from 0°.
5.2.3 Edge plasmons in nano-disks
The most basic configuration in plasmonics consists of a smooth straight metal-
dielectric interface. Such an interface supports SPPs propagating along the 2D
discontinuity. This type of SPPs is also present when metallic films of finite extent
are considered. Finite films additionally support edge modes with reduced dimen-
sionality, i.e. 1D EPs, which are highly confined to their ridges [32]. Recently, it has
(a) (b) (c)
Figure 5.7: Transformation from (a) a straight metallic edge to a (c) nano-disk following
a (b) convex bend.
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been shown that EPs remain mostly unaltered when curvature is introduced, even
for bending radii as small as a few tens of nanometres [4]. Su ciently bending the
film results in the formation of a nano-disk, Fig. 5.7. Hence, nano-disks can also
support EPs which may coexist with the cavity modes described in section 5.2.2.
We begin our study by considering a free-standing silver nano-disk of radius r = 160
nm and thickness t = 30 nm , Fig. 5.8(a). The extinction cross-section   normalized
to the area of the nano-disk A = ⇡r2 under plane-wave excitation is depicted in
Fig. 5.8(b). There, the results obtained for normal incidence (✓ = 0°) are compared
with the Transverse Electric (TE) and Transverse Magnetic (TM) o↵-normal cases
(✓ = 45°). When ✓ = 0°, a single maximum arises in the scattering spectra, at ⇠ 327
THz. Fig. 5.8(c) clearly shows a dipoleHz distribution in that case. The dipole mode
of nano-disks has been recently investigated byWan et al [5]. The nano-disks in that
study exhibited two hybridized dipoles, one with symmetric charge distribution at
the top and bottom interfaces of the nano-disk, as in the case presented in Fig. 5.8(c),
and a second mode with antisymmetric distribution and higher resonant frequency.
Depending on the geometry (diameter and thickness of the nano-disk), these two
modes may be uncoupled and with low spectral overlap as is likely our case –no
second peak is observed in Fig. 5.8(b)– or strongly coupled. The former results in a
Fano-type resonant profile [33], while the latter may cause super-scattering [5], i.e.
scattering cross-section values surpassing the single resonance limit [34], which may
be used not only for sensing applications [5], but also to implement strong absorbers
for thermal therapy and solar cells [35].
When the angle of incidence deviates from ✓ = 0°, new resonances, correspond-
ing to higher order multipolar modes, arise in the scattering spectra, Fig. 5.8(b).
These multipolar modes are more e↵ectively excited when the incident wave is TE
polarised than for TM polarisation. According to Fig. 5.8(d)-5.8(f), which shows
Hz when a ✓ = 45° TE polarised plane-wave illuminates the nano-disk, these are:
the dipole, that remains approximately at the same frequency as in the ✓ = 0°
case, Fig. 5.8(d), the quadrupole, which is excited at 505 THz, Fig. 5.8(e), and the
hexapole, at 653 THz, Fig. 5.8(f). Along the same line, higher order modes are
expected at higher frequencies. The excitation of multipolar modes in nano-disks
was experimentally verified in [4] using a Scanning Transmission Electron Micro-
scope (STEM). STEM combined with Electron Energy Loss Spectroscopy (EELS)
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allows very high spatial resolution scanning and has been widely employed for map-
ping LSPs of nano-particles with a variety of shapes [36, 37]. The measurements
presented in [4] enabled extracting the dispersion diagram of the EPs of nano-disks
which closely followed that of a straight edge, suggesting that they are the same
mode. Comparison with the measured dispersion relation of a semi-infinite metal-
dielectric interface, showed additionally that, for a given frequency, EPs had larger
propagation constants than traditional SPPs, or equivalently, for a given propaga-
tion constant, EPs were excited at lower frequencies. This further supports 1D EPs
and 2D SPPs being di↵erent and coexisting in nano-disks.
The multipolar EPs patterns in Fig. 5.8(d)-5.8(f) may be explained from a standing
wave perspective. Multipolar modes exhibiting a certain number of field antinodes
will be supported only if there is constructive interference along the edge, i.e. when
an integer number of wavelengths fits the perimeter of the nano-disk. The resonant
condition obeys
kp =
p
r
, (5.17)
where kp is the wave-number of the mode with order p = 1, 2, ... . To validate this
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interpretation, the cross-sections of nano-disks with r = 160   260 nm and t = 35
nm were simulated. The wavenumbers can be easily calculated from the spectral
position of the various scattering peaks. The dispersion relation computed in this
way is shown in Fig. 5.9. For comparison, the theoretical dispersion relation of the
two hybridized SPPs of an infinite silver film with the same thickness (t = 35 nm)
has also been included. These surface modes, often referred as Long Range (LR-)
and Short Range (SR-)SPPs, will be discussed in detail in chapter 6. As can be
seen in Fig. 5.9, the dispersion relation of the EPs cannot be mapped to those of
the SPPs which agrees with the measurements reported in [4].
5.3 Localized surface plasmons in 2D arrays of
nano-particles
Although isolated nano-particles are ideal candidates for applications such as in-
creasing the sensitivity of some spectroscopic techniques [38] or to implement nanoscale
optical tweezers [39], 2D periodic assemblies o↵er more degrees of freedom for tai-
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loring light interaction. Not only the shape and constituent material of the nano-
particles forming the array can be controlled, but also their relative positions and
orientations. This broadens the range of exhibited phenomena and, thus, the range
of potential applications. These include directional single photon and plasmon
sources [40] and light trapping [41], among others.
5.3.1 Edge plasmons supported by arrays of nano-disks
The structure under analysis consists of an array of silver nano-disks arranged form-
ing a 2D square lattice with periodicity a = 400 nm, whose unit-cell is depicted in
Fig. 5.10. Despite a substrate would be required in practice for mechanical sup-
port, the free-standing case is considered here to simplify the analysis. The radius
and thickness of the nano-disks are r = 160 nm and t = 30 nm, respectively. The
angular spectral response of the infinite array was simulated using the Frequency
Domain (FD) solver of CST Microwave studio with plane-wave illumination, enforc-
ing unit-cell boundary conditions. Fig. 5.11 shows the plane of incidence for TE
and TM polarisation. The zeroth order reflectance R, transmittance T and absorp-
tion A = 1  T   R for TE plane-wave incidence are shown in Fig. 5.12(a)-5.12(c),
respectively, whilst Fig. 5.12(d)-5.12(f) correspond to the TM case.
The EP modes supported by the array of nano-disks clearly depend on light po-
larisation, as observed in Fig. 5.12. Excitation via TE polarised waves is mainly
mediated by the H-field, since in this case Ez = 0, Fig. 5.11. At normal incidence
(✓ = 0°), only the 3rd order EP mode (hexapole) is excited, causing a reflectance
minimum and a maximum in the transmittance and absorption spectra at ⇠ 640
THz, Fig. 5.12(a)-5.12(c). This may result surprising since for individual nano-disks
only the dipole couples to normal incident light (subsection 5.2.3). In section 5.3.1,
we will show that light coupling to EP modes in arrays is not only governed by the
incident angle and polarisation, but also by the symmetries exhibited by the lattice.
Coupling to the hexapole when ✓ = 0° is mediated by this lattice e↵ect. When
✓ 6= 0°, the symmetry breaks and a second mode, which remains dark at normal
incidence, can be observed. This is the 2nd order EP (quadrupole) which resonates
at ⇠ 485 THz. The resonant frequencies agree with those obtained in the case
of isolated nano-disks (subsection 5.2.3), although slightly red-shifted due to near-
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Figure 5.10: Unit-cell detail of a 2D array of nano-disks with radius r and thickness t.
The array is formed by arranging the nano-disks in a square lattice with period a.
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Figure 5.11: Incident plane for TE and TM polarised light.
field interaction between adjacent nano-disks [42]. The normalized magnitude of
the E-field through a mid-plane shown in Fig. 5.13 exhibits the expected multipolar
patterns and so do the superimposed current densities; namely, from lower to higher
resonant frequency: a quadrupole and a hexapole, shown respectively in Fig. 5.13(a)
and 5.13(b). On the other hand, TM polarised waves have a non-vanishing Ez com-
ponent which results in a more complex coupling mechanism, as both the E- and
H-fields of the incident light overlap with those of the EPs. Fig. 5.12(d)-5.12(f)
show the hexapole also being excited in this case, however the quadrupole remains
dark, which further indicates that Hz 6= 0 is required for it to become bright in this
configuration.
Fig. 5.12 additionally suggests that the resonant frequencies of the EPs depend
very weakly on the angle of incidence, further confirming their localized nature.
An exception to this occurs when the EP modes and Wood’s Anomalies (WAs)
[43, 44] spectrally overlap. WA arises when a grating order changes its character
from evanescent to propagating at grazing angle, i.e. when the in-plane component
of the momentum matches that of light: |k(u,v)| = |k|. For a rectangular lattice and
free-space propagation, the latter condition may be written as [45]
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 
kix + uGx
 2
+
 
kiy + vGy
 2
= k20, (5.18)
where kix and k
i
y represent the x- and y-components of the incident light momentum,
respectively, and (u, v) indexes the grating order. Since in our case the periodicity
is equal along the direction of the two lattice vectors xˆ and yˆ, the reciprocal lattice
constant is simply given by Gx = Gy =
2⇡
a . The frequency at which the ( 1, 0)
grating order becomes propagating (lower frequency WA) is indicated by the cyan
curves in Fig. 5.12. As shown in the figure, in the vicinity of WA, there are strong
variations in the zeroth order scattering response. This, together with an increased
damping due to radiation loss and frequency shifts, is among the e↵ects commonly
attributed to WAs [45,46].
Influence of the lattice symmetries on the spectral response
As previously mentioned, the angular response shown in Fig. 5.12(a)-Fig. 5.12(c)
reveals another interesting feature of the structure under study: the 3rd order EP
(hexapole) is excited at normal incidence. Despite this may seem to contradict part
of the discussion in subsection 5.2.3, in particular the need for o↵-normal illumina-
tion to enable higher order modes to become bright, in the following, it will be shown
that this is not the case. There is a fundamental di↵erence between the nano-disks
analysed in subsection 5.2.3 and those considered here: the lattice. This suggests
that the lattice plays an important role in mediating light coupling to some EPs
(e.g. the hexapole) at normal incidence.
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interface of the square lattice when illuminated by a 390 THz normal incident TE plane
wave. The white arrows indicate the net (electric) dipole moment provided by the lattice
configuration.
The e↵ect of the lattice is investigated in Fig. 5.14. Fig. 5.14(a) shows the re-
flectance response of a nano-disk array arranged in a square (solid lines) and a
hexagonal (dashed lines) lattice. Both arrays consist of nano-disks with r = 160 nm
and t = 5 nm and periodicity a = 400 nm. Although we are mainly interested in
the response to ✓ = 0° incident light, the ✓ = 20° case has been included for the
sake of comparison. Yuxtaposition of this two cases (and same lattice configuration)
confirms that o↵-normal illumination enables coupling to more EPs than normal in-
cidence. In particular, for the square lattice, o↵-normal light (Hz 6= 0) couples to the
quadrupole at ⇠ 390 THz, that remains dark for normal incidence. This indicates
that, a non-vanishing Hz component is necessary for exciting the quadrupole in a
square lattice. A similar comparison can be performed in the hexagonal lattice case.
As can be seen, when the lattice is hexagonal, no EP modes are supported at nor-
mal incidence within the frequency range considered. However, when ✓ = 20°, not
only the quadrupole but also the hexapole, which is considerably blue-shifted with
respect to the square lattice case, become accessible. Therefore, contrarily to the
square lattice case, coupling to the hexapole requires Hz 6= 0 in this configuration.
EPs at normal incidence can only occur if a dipole moment is introduced via near-
field interaction between neighbouring nano-disks. An example of this is depicted
in Fig. 5.14(b), which shows the Hz distribution at the input interface when normal
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incident TE light (E-field polarised along y) impinges the square lattice of nano-
disks. Fig. 5.14(b) shows the interaction between adjacent nano-disks modifying
the hexapole, which exhibits anti-nodes with di↵erent field intensities at di↵erent
locations of their perimeter. This results in the mode acquiring a net dipole moment
along y, represented by the white arrows in Fig. 5.14(b). As a consequence, the
overlap integral di↵ers from zero and the hexapole becomes accessible to normal
incident light.
Fig. 5.14(a) additionally shows that the quadrupole and the hexapole remain dark
when ✓ = 0° in the case of the square and hexagonal lattice, respectively. This
can also be explained based on symmetry considerations. Due to the lattice and the
mode field pattern sharing the same symmetries, all neighbouring nano-disks interact
in the same way, not producing any net dipole moment. As a result, the overlap
integral with a normal incident plane wave vanishes, prohibiting the excitation of
these modes. This reasoning can be extended even further: for a square lattice,
mutual interactions between even-order EPs (e.g. quadrupole, octupole and so on)
cannot introduce a net dipole moment, due to the lattice 4-fold symmetry. On the
contrary, interaction between odd-order modes (e.g. hexapole, decapole and so on) is
di↵erent in vertical than in horizontal, and produces the required net dipole moment
to enable their coupling to normal incident light. Similarly, the hexagonal lattice
prohibits the excitation of even-order EPs at normal incidence as a result of its
double reflection symmetry. Additionally, in this configuration, the hexapole is also
inaccessible to normal incident light because it shares the lattice 3-fold symmetry.
As a result, the first bright EP available in this case is the decapole. Although
this mode is above the frequency range considered and therefore it is not shown in
Fig. 5.14, it will be clearly visible in chapter 6.
Thickness dependent edge plasmon hybridization
The thickness of the nano-disks is closely related to EP hybridization. This is
investigated in Fig. 5.15(a) and 5.15(b), which show the spectral response of a
square lattice of nano-disks with r = 160 nm, a = 400 nm and t = 20 - 200 nm at
✓ = 5° incidence. Zeroth order reflectance and absorption are shown in Fig. 5.15(a)
and 5.15(b), respectively. Two di↵erent set of modes producing reflectance minima
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Figure 5.15: (a) Reflectance and (b) absorption response of a square lattice of nano-disks
with a = 400 nm, r = 160 nm and t = 20 - 600 nm when ✓ = 5°. Odd and even EP of
di↵erent orders are labelled in green, whilst the di↵erent order FP magnetic resonances
are shown in orange. WA is indicated with cyan dashed lines. (c)-(d) Normalized Hz
distribution for t = 300 nm at the input and output interfaces. The frequencies are (b)
507 THz, (c) and (d) 586 THz.
can be distinguished in Fig. 5.15(a). One of these sets correspond to EP (green
labels) whilst the second set (orange labels) belongs to a di↵erent category which
shall be studied in detail in section 5.3.2. Since EPs exhibit larger absorption values,
they are easier to appreciate in the absorption spectra, Fig. 5.15(b). Two EPs (the
quadrupole and the hexapole) are supported within the considered frequency range.
Analysing the e↵ect of the thickness on these modes simplifies by considering a
single EP since interference e↵ects, which increase with frequency due to the higher
number of resonances supported, are minimized. In the following and without loss
of generality, we focus only on the quadrupole. The influence of the thickness on
this mode, allows identifying two di↵erent regimes: thin (t < 200 nm) and thick
nano-disks (t   200 nm). For thin nano-disks, light couples to a unique quadrupole.
As the thickness increases above 350 nm, a second quadrupole, resonating at a
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higher frequency, can be observed. The resonant frequencies of the two quadrupoles
approach for increasing t. These are ultimately expected to overlap, in analogy to
the results reported by Wan et al. in isolated nano-disks [5].
The Hz distributions shown in Fig. 5.15(c) and 5.15(d) further confirm the mode
hybridization model. There, the field distributions of the symmetric and antisym-
metric modes supported by a t = 300 nm nano-disk array have been depicted at 507
THz and 586 THz, respectively. As can be seen in Fig. 5.15(c) and Fig. 5.15(d), Hz
exhibits quadrupole patterns at the input and output interfaces, which are in phase
at 507 THz and out of phase at 586 THz.
E↵ect of the shape of the nano-particles
EPs are not exclusive of nano-disks, they are supported by a variety of di↵erent
shaped nano-particles, e.g. nano-patches as those studied in chapter 4. Fig. 5.16(a)
shows the absorption spectrum of a square array of nano-disks together with that
obtained for a nano-patch array. In both cases, t = 30 nm and a = 400 nm. The
lateral side of the nano-patches is l = 250 nm so that the perimeter is approximately
equal to that of the nano-disks. A TE polarised plane-wave propagating at ✓ = 5°
is considered. Both absorption responses exhibit a single narrow peak, 5.16(a).
Fig. 5.16(b) and Fig. 5.16(c) show the Hz distribution at resonance when nano-disks
and nano-patches are considered, respectively. Quadrupoles are clearly formed in
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Figure 5.16: (a) Absorption of an array consisting of 160 nm radius nano-disk and 250
nm lateral side nano-patches. In both cases t = 30 nm and a = 400 nm. The array is
excited by ✓ = 5° TE light. (b)-(c) Hz distribution at the input interface and frequency
(b) 483 THz in the case of the nano-disk array, and (c) 416 THz in the nano-patch array
case.
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both cases. The main di↵erence being a frequency shift which can be attributed
in part to the di↵erent near-field interaction between neighbouring elements. Note
likewise that the EP resonant condition given in Eq. (5.17) does not account for any
e↵ects as a result of near-field coupling, being in turn inaccurate for arrays.
The above results allow us to associate the LSP observed in the TE angular response
of the PRS presented in chapter 4 (section 4.2) with the quadrupole EP supported
by the nano-patches.
5.3.2 Fabry-Pe´rot modes in nano-disks and nano-rings
In addition to EPs, the spectra depicted in Fig. 5.15 show a second set of modes
(labelled as Hresx, where x indicates the mode order) with a distinctive response to
t variations. These usually produce lower absorption values, and thus are easier to
observe in the reflectance response depicted in Fig. 5.15(a). As will be shown, the
Hresx modes are just plasmonic FP modes of the nano-disks.
The Hresx modes are weakly influenced by the angle of incidence of the incom-
ing light, as suggested by Fig. 5.15 and Fig. 5.17 which show ✓ = 5° and ✓ = 0°
reflectance, respectively. Since less EPs are excited in the ✓ = 0° case, their inter-
ference with the Hresx is minimized compared to ✓ = 5°, facilitating the analysis.
Hence, hereafter, we will focus on the normal incidence case.
Fig. 5.17(a) shows that contrarily to EPs which were only significantly influenced
by t in the thin film region, the resonant frequencies of the Hresx modes strongly
depend on the thickness of the nano-disks. A similar e↵ect was presented in section
5.2.2 in the case of isolated nano-disks.
The FP nature of the Hresx modes is further confirmed in Fig. 5.17(b)-5.17(e).
Fig. 5.17(b) shows reflectance for varying t at 400 THz. Three minima, correspond-
ing to the excitation of the 1st, 2nd and 3rd order resonances (t = 250, 560 and
850 nm, respectively), can be observed. The normalized E-field distributions in
Fig. 5.17(c)-5.17(e) exhibit typical FP patterns, i.e. for higher t, the number of field
anti-nodes along the axis zˆ of the nano-disks increases.
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Figure 5.17: (a) Reflectance response of an array of nano-disks with a = 400 nm, r = 160
nm and t = 20  1000 nm for ✓ = 0° and with E-field polarised along yˆ. Odd and even EP
are labelled in green whilst di↵erent order FP magnetic resonances are shown in orange.
(b) Reflectance versus t at 400 THz. (c)-(e) Normalized E-field distribution when (c)
t = 250 nm, (d) t = 560 nm and (e) t = 850 nm.
Electric enhancement in nano-ring arrays
Norlander et al. showed that individual nano-particles LSPRs hybridize when two
of them are located in close proximity, forming a dimer [47]. The resulting dimer
exhibits two modes with di↵erent resonant frequencies, referred to as the coupled-
bonding and coupled-antibonding modes, which inherit part of the properties of the
individual LSPs. In absence of interference with EPs, the spectral response of the
arrays investigated here is dominated by the coupled-bonding mode. Interestingly,
for very small gap separations, nano-ring dimers have been shown to exhibit very
high E-field concentration to the sub-wavelength gap region [48]. Moreover, the
resulting electric hot-spots are much stronger than those observed in individual
nano-rings [13].
An array of gold nano-rings with outer radius Rout = 300 nm, inner radius Rin = 200
nm and thickness t = 100 nm is considered next. The nano-rings are distributed on
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Figure 5.18: (a) Array of gold nano-rings with inner radius Rin, outer radius Rout,
thickness t and separation between rings s. The nano-rings are placed on top of a di-
electric substrate with refractive index n. (b) Measured refractive index n and extinction
coe cient k of gold.
top of a quartz substrate, forming a square lattice with spacing s = p  2Rout = 30
nm, Fig. 5.18(a). In the simulations, the index of refraction of gold was fitted to
the experimental values depicted in Fig. 5.18(b). These were obtained via ellipsom-
etry. The index of refraction of quartz was approximated by the following Sellmeier
equation [49]
n2   1 = 0.6961663 
2
 2   0.06840432 +
0.4079426 2
 2   0.11624142 +
0.8974794 2
 2   9.8961612 , (5.19)
with   in micrometres. Eq. (5.19) fits experimental data between 0.21 µm and 3.71
µm, covering most of the Near Infrared (NIR) region of the spectrum.
Fig. 5.19(a) shows the simulated absorption spectrum. The absorption maximum
at 920 nm corresponds to the excitation of the coupled-bonded mode. Such a mode
causes charges of di↵erent signs to concentrate at opposite sides of the nano-rings,
resulting in the creation of an electric dipole moment [13]. As a consequence, for
small s, the E-field is strongly enhanced in the region between adjacent nano-rings, as
depicted in Fig. 5.19(b) and 5.19(c) which show the E-field enhancement intensity
evaluated at a xy-plane located at t/2 distance from the substrate, and at a xz-
plane passing through the centre of the nano-rings, respectively. In the previous,
the intensity enhancement was calculated as the ratio of power with and without
nano-rings IE = |E|2/|E0|2, with ~E = Exˆ and ~E0 = E0xˆ, respectively.
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Figure 5.19: (a) Simulated extinction coe cient of the array of gold nano-rings with
t = 100 nm, Rout = 300 nm, Rin = 200 nm and s = 30 nm. A quartz substrate is
considered. (b)-(c) IE at 920 nm at the two main central cut-planes, namely (b) xy-plane
and (c) xz-plane. The polarisation of the incident field is indicated in white.
Virtual current loops: a route towards magnetic enhancement
Most of the studies available in the literature focus on the electric enhancement
provided by relatively thin gold nano-rings, mainly due to their simpler fabrica-
tion [50]. Nonetheless, thicker nano-rings produce a very interesting scenario where
the region between them closely resembles a pair of coupled parallel nano-plates. It
has been shown that the LSPRs supported by such nano-plates can exhibit Virtual
Current Loops (VCLs) [51]. Such VCLs produce local H-fields that may sum up to
that of the incident wave, resulting in magnetic activity [15–18]. As a consequence,
this type of LSPRs are commonly referred to as magnetic plasmons [52]. In addi-
tion to nano-rings, other structures such as self-assembled nanoparticle clusters [53]
and fishnet metamaterials [54], also support VCLs-based magnetic plasmons. In-
terestingly, VCLs are not only capable of producing magnetic enhancement but
also of confining the local H-field to sub-wavelength regions, creating magnetic hot-
spots [18, 55].
The underlying mechanism is investigated in Fig. 5.20 which shows the currents
at resonance when the array is illuminated at normal incidence. As can be seen,
the coupled-bonded mode supported by the nano-ring array produces charges of
di↵erent signs at the surfaces of adjacent nano-rings. Excitation by the incoming
wave, promotes charge motion which results in opposite currents flowing along zˆ.
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Figure 5.20: Currents generated in a pair of coupled nano-rings for di↵erent values of
the metal thickness. A VCL (over-imposed in (c) for clarity) is formed in the gap under
normal illumination, being responsible for the strong enhancement of the magnetic field
in the gap as well as for the creation of a magnetic dipole. Parameters: Rout = 300 nm,
Rin = 200 nm and s = 30 nm.
Three di↵erent cases are included in the figure: thin, medium and thick nano-rings.
In the case of thin nano-rings depicted in Fig. 5.20(a), the currents generated at
each side of the gap only flow along very small distances, so they merely produce
an accumulation of opposite charges. This results in the formation of an electric
dipole that causes E-field enhancement in the gap region, as in the case shown in
Fig. 5.19. As t increases, the paths the currents flow along lengthen, Fig. 5.20(b).
For thick enough nano-rings, the distance covered becomes su cient for a VCL to
form, Fig. 5.20(c). The resulting VCL behaves as a magnetic dipole and as such,
strong local H-fields (y-directed) may originate in the gap region.
Similarly to the E-field case, the H-field enhancement can be evaluated through its
intensity IM = |H|2/|H0|2, where H and H0 stand for the y-component of the H-
field, with and without nano-rings, respectively. The E- and H-field enhancement
evaluated at the central point (height t/2 over the substrate and equidistant to the
nano-rings) are studied in Fig. 5.21. Note that in all the cases presented hereafter,
the enhancement is monitored at the resonant frequency, i.e. when the absorption
spectrum reaches its maximum. Fig. 5.21(a) shows IE and IM for t = 125 - 425 nm
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Figure 5.21: (a) IE and IM values obtained from numerical simulations as a function of
the nano-ring thickness for di↵erent nano-rings spacings. The array is illuminated normally
at a wavelength at which the extinction reaches a maximum. (b) IE and IM as a function
of the spacing for a fixed thickness t = 275 nm. (c) Resonant wavelength as a function
of the metal thickness for the three previously considered separation distances between
nano-rings. Constant parameters: Rout = 300 nm and Rin = 200 nm. (d) Resonant
wavelength as a function of the outer radius for di↵erent values of the inner radius and a
fixed thickness t = 275 nm. The separation distance for each value of Rout is chosen so
that the period is fixed to 630 nm.
and s = 10, 30 and 60 nm. In the case of thin nano-rings, our results show highly
enhanced E-fields at the centre of the gap. Contrarily, the H-field is comparable to
the case with no nano-rings, i.e. no enhancement is obtained with this configuration.
When t > 150 nm, IM increases whilst IE decreases. This suggests that for su -
ciently thick nano-rings, whilst the E-field weakens, a high H-field enhancement is
achieved producing a magnetic hot-spot in the gap region. For instance, for t > 250
nm the magnetic enhancement is more intense than the electric one (IM > IE).
This suggests that the LSPR changes its character from electric to magnetic for suf-
ficiently thick nano-rings, i.e. for thin nano-rings the LSPR resembles a pure electric
dipole whilst for su ciently thick nano-rings a magnetic dipole is formed [J7].
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The influence of the spacing s is analysed in Fig. 5.21(b). Similarly to IE, IM in-
creases for shorter s which indicates that the magnetic resonance is a result of strong
coupling between adjacent nano-rings. We expect that the H-field enhancement will
be ultimately limited by mechanisms such as the intrinsic non-locality of the dielec-
tric response of the metal [56] or quantum-tunnelling [57] similarly to the E-field
enhancement.
The results shown in Fig. 5.21(a) suggest that there is an optimum metal thickness
that maximizes IM , e.g. IM = 178 for s = 30 nm and IM = 140 for s = 60 nm.
This can be explained by analysing the e↵ect that varying t has on the formation
of the VCL, Fig. 5.20. For very thin nano-rings, there is no current flow. As a
consequence, the H-field is not enhanced and, at resonance, the response is purely
electric. As t increases, the induced currents flow through increasingly longer dis-
tances. The resulting VCLs produce in turn enhanced magnetic fields. For a certain
thickness, a quasi-symmetric –the substrate cannot be neglected– VCL is formed
causing maximum IM at the central point. The same can be concluded by consid-
ering a pair of nano-rings as a section of a plasmonic waveguide consisting of two
metallic hollow nano-cylinders. The discontinuities introduced by free-space and the
substrate behave as low-reflectivity mirrors forming a t-high cavity. Analogously to
Eq. (5.14)-(5.16), the resonant condition of such a cavity strongly depends on t,
Fig. 5.21(c). There, it can be seen that the resonance red-shifts for increasing t
provided that it is in the magnetic regime, i.e. t > 150 nm. Contrarily, if t < 150
nm (electric regime), the resonant wavelength remains approximately constant and
no standing wave is formed. Similar dual behaviour has been previously observed
in other plasmonic nano-structures [18, 58].
From nano-rings to nano-disks
The influence of the hole in the magnetic response is studied in Fig. 5.21(d), which
shows the resonant wavelength for varying Rout and di↵erent Rin values. The res-
onant wavelength is mainly controlled by Rout, which allows tuning the resonance
over the whole NIR range. When Rout = 305 nm and s = 20 nm, the influence of Rin
is nearly negligible, due to the field being strongly confined to the gap region and
thus, nearly not a↵ected by the inner hole. In this case, the response of nano-disks
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(Rin = 0) and nano-rings arrays is equivalent. For smaller Rout, the nano-rings be-
come decoupled and the resonance behaves similar to that of an isolated nano-ring,
i.e. as an electric dipole. This can be better appreciated in the curve corresponding
to Rin = 200 nm (shown in green). In that case, increasing Rout causes a strong red-
shift of the resonant wavelength as reported by Aizpurua et al. [13] for the individual
nano-ring case.
Fabrication and measurements
The nano-ring arrays were fabricated in the Paul Scherrer Institute using electron
beam lithography. Three samples of nano-ring arrays with t = 220, 350 and 420
nm were fabricated. Each sample contained 200⇥ 200 µm2 arrays with Rout = 300
nm, Rin = 200 nm and s = 30 and 60 nm (nominal values). Scanning Electron
Microscopy (SEM) images of the fabricated arrays can be found in Fig. 5.22. The
thickness of the fabricated nano-rings estimated from the tilted SEM images in
Fig. 5.22(b) and Fig. 5.22(d) was very close to the nominal value. However, signifi-
cant di↵erences were found in the remaining dimensions. For instance, the measured
spacing was half the nominal one in some of the samples.
(a) 
 
 
 
 
 
 
 
 
(c) 
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(d) 
Figure 5.22: SEM images of the fabricated samples. The nominal dimensions are t = 350
nm, Rout = 300 nm and Rin = 200 nm. (a), (c) s = 30 nm, (b), (d) s = 60 nm. Images
(a) and (b) are taken from the top whilst (c) and (d) are tilted 25°. Scale bars correspond
to 500 nm.
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Figure 5.23: Measured (a) and simulated (b) extinction spectra of arrays of gold nano-
rings on quartz with. Red curve: t = 220 nm, Rout = 305 nm, Rin = 195 nm and s = 20
nm; Blue curve: t = 350 nm, Rout = 285 nm, Rin = 190 nm and s = 30 nm; Black curve:
t = 350 nm, Rout = 310 nm, Rin = 210 nm and s = 50 nm; Green curve: t = 420 nm,
Rout = 330 nm, Rin = 190 nm and s = 15 nm.
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Figure 5.24: (a) Measured extinction spectra of di↵erent nano-ring arrays as a function
of the inner radius Rin with t = 175 nm, Rout = 325 nm and s = 120 nm (nominal values).
Scanning electron microscope images of fabricated samples with (b) Rin = 50 nm and (c)
Rin = 0 nm. The scale bar is 400 nm.
The measurements were performed at Valencia Nanophotonics Technology Center.
A Bruker Vertex 80 Fourier-Transform Interferometer (FTIR) spectroscopy sys-
tem was used to experimentally measure the absorption spectra of the samples,
Fig. 5.23(a). For the sake of comparison, the simulated absorption responses are
depicted in Fig. 5.23(b). The measured resonances are broader than the simulated
ones. This is attributed to multiple nano-rings with slightly di↵erent dimensions
resonating at marginally di↵erent frequencies. Likewise, the two samples with equal
thickness (blue and black curves) approximately resonate at the same wavelength, as
suggested by Fig. 5.21(c). Our measurements confirm that the magnetic resonance
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strongly red-shifts for increasing t [18]. This distinctive feature can be exploited for
discriminating between electric and magnetic resonances.
A second set of samples with vaying Rin = 0 - 150 nm was likewise fabricated. The
measured results are summarized in Fig. 5.24(a). SEM images of the samples can be
seen in Fig. 5.24(b)-5.24(c). The measured spectra clearly exhibit a slight red-shift
of the resonance for increasing Rin. This suggests that Rin can be used to fine tune
the resonant wavelength, in addition to the coarse tuning provided by Rout.
5.4 Conclusions
Understanding the interaction between optical radiation and nano-particles is crucial
for the advancement of nanophotonics and its application to imaging [16], cloak-
ing [59], [60], sensing [61] and, more importantly, nano-antennas [60]. Plasmonic
modes not being considered by traditional antenna design guidelines may result in
unwanted e↵ects that degrade the performance of the designed nano-antennas. In or-
der to avoid or at least mitigate these, it is essential to fully understand their causes,
e↵ects and relation to the geometry. The results presented in this chapter aim to
expand our understanding of LSPs supported by 2D arrangements of nano-particles,
motivated by the abnormal response of the PRS of the Leaky-Wave (LW) antenna
designed in chapter 5. To this end, we initially considered an infinite waveguide with
circular cross-section (section 5.2.1). The waveguiding problem had to be revisited
to accommodate e↵ects derived from the metal’s complex permittivity when plas-
monic materials were employed. In section 5.2.2, we showed that nano-rods act as
resonators for SPPs, supporting FP cavity resonances associated with the waveguide
modes. However, the condition for constructive interference has to be adequately
modified to account for the e↵ective lengthening of the nano-rods, a typical situation
encountered in nano-antennas [31, 62]. In section 5.2.3, we considered the case in
which the waveguide is su ciently short for these modes to be purely evanescent, i.e.
a nano-disk. In this scenario, EPs highly confined to the nano-disk ridges, become
predominant. Experimental results recently reported in [4], indicate that nano-disks’
EPs can be exactly mapped to the modes of a straight edge and were accurately
described from a standing wave perspective, which is in excellent agreement with
our simulations. Our results showed that light coupling to EPs strongly depends on
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the symmetries of the problem. For instance, only the 1st order EP couples to a
normal incident plane-wave. Higher order EPs remain dark. On the contrary, o↵-
normal illumination may enable their excitation, thanks to the symmetry breaking
introduced by phase retardation. Therefore, no additional bright mode is required
for their coupling to free-space light, compared to other localized modes appearing
in similar structures [33, 35].
The case in which the nano-disks were not isolated but arranged forming 2D ar-
rays (section 5.3) was considered next. Such an assembly benefits from additional
degrees of freedom for tailoring light interaction (e.g. filling-factor, lattice symme-
tries and periodicity), broadening the range of potential applications [40, 41]. The
EPs supported by the array of nano-disks were analysed in section 5.3.1 [J6, C4].
These showed a strong dependence on the lattice symmetries, which may serve to
enable/disable certain modes. This feature may be exploited for realising novel a` la
carte optical polarisers and filters with low frequency dispersion. Similarly to the
couple-bonding mode of nano-disk dimers, arrays can also exhibit FP LSPs confined
to the gap between su ciently close neighbouring elements. A thorough analysis
of these modes, including both simulations and experimental measurements, can be
found in section 5.3.2 [J7]. There, we showed that arrays of thick nano-rings are
capable of converting incoming light into highly localized magnetic hot-spots with
over 250 intensity enhancement. Such an array constitutes a very dense array of
magnetic nano-antennas, each one formed by two closely spaced nano-rings whose
performance resembles that of a loop antenna [63] with perimeter p = 2(t + s) al-
though, in our case, the resonant wavelength is about 1.5 - 2 times higher than
expected from traditional antenna design (⇠p). This e↵ective loop lengthening can
be attributed to field penetration into the metals and the dielectric substrate [31,62].
The proposed structure constitutes a new building block to achieve magnetism in
the optical domain [64]. Compared to previously reported magnetic antennas, such
as horizontal parallel nano-plates, our structure does not require any dielectric spac-
ing [55] making the region of magnetic field localization easily accessible which makes
it suitable for sensing [8, 23, 24] or trapping [41], among other applications. More-
over, it enables probing the magnetic near-field in the gap region using appropriate
techniques [65].
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The most exciting phrase to
hear in science, the one that
heralds new discoveries, is
not ”Eureka!” but ”That’s
funny...”
Isaac Asimov
6
Surface plasmons in hole-arrays
6.1 Introduction
The study presented in the previous chapter encompassed Localised Surface Plas-
mons (LSPs) including Edge Plasmons (EPs), cavity modes and Fabry-Pe´rot (FP)
resonances. Here, the scope of the investigation is extended to analyse the scattering
properties of 2D hole-arrays. This study will put forward the close relation between
these and the arrays of nano-particles considered in chapter 5, often allowing to asso-
ciate the modes excited in both configurations. In addition to LSPs, the presence of
sub-wavelength apertures in metallic plates is suited for the excitation of propagat-
ing surface plasmons. These modes can be exploited in a wide range of applications
in nanophotonics and plasmonics [1–3]. Among these applications, Extraordinary
Optical Transmission (EOT), which produces transmission levels greatly exceeding
those predicted from classical Bethe’s theory [4], has attracted special interest since
it was first observed [5]. There are several competing theories about the origins
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of EOT. While some authors attribute it to coupling between propagating Surface
Plasmon Polaritons (SPPs) via Bragg scattering, others point at coupling of the
incident light to cavity resonances as being ultimately responsible [6]. Moreover,
whether SPPs contribute to enhance or, contrarily, suppress light transmission has
also been discussed [7]. We can firmly say that light transmission through hole ar-
rays is with no doubt a complex phenomenon involving coupled e↵ects. Throughout
this chapter we aim to bring light to the role of LSPs and propagating SPPs by
considering them individually.
To accomplish this, the chapter is structured in two main parts, depending on the
level of localization of the modes investigated. The first part (section 6.2) focuses on
LSPs. Initially, only an isolated nano-hole drilled in a metallic film (section 6.2.1)
is considered [J8]. Our results indicate that nano-holes support EPs circling around
their edges, resembling whispering galleries. Such EPs are closely related to those of
nano-disks (chapter 5). Their di↵erences and similarities are highlighted in section
6.2.1. Subsequently, a 2D periodic array of nano-holes is examined (section 6.2.2)
[J8] with the aim of gaining a better insight into the EOT phenomenon. The e↵ect
that the geometrical features of the array play on the behaviour of EPs is likewise
investigated, as well as its potential application in sensing.
The second part of the chapter (section 6.3) focuses on propagating SPPs. We
initially introduce SPPs propagating across the planar interface formed between two
semi-infinite media, being one of them plasmonic. The derivation of the dispersion
relation in this case is well known and has been included for comparison. In section
6.3.1, the case of a finite thin metallic film is considered. The dispersion relation
in this case is substantially di↵erent and must be solved numerically. Nonetheless,
by considering the Long Range (LR-) and Short Range (SR-)SPPs separately and
with the appropriate approximations, accurate analytical solutions are derived. An
approximate closed-form expression for the LR-SPPs can be found in [8]. In this
thesis, we extend this work by reporting a simple and accurate analytical solution
to the dispersion relation of the SR-SPPs [J9], aiming to speed-up and simplify
the design of SR-based applications [9–13]. Our solution will allow, for instance,
to calculate the resonant frequencies at which light couples to SR-SPPs. In section
6.3.2, we successfully applied it to predict the resonant frequencies of an array of sub-
wavelength holes. Full-wave simulations validate our approach. Lastly, conclusions
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are summarized in section 6.4.
6.2 Edge plasmon whispering gallery modes
Whispering Gallery Modes (WGMs) are standing waves formed when a propagating
mode loops around a cavity, typically with circular or spherical shape, due to contin-
uous total internal reflection [14]. Optical WGMs have been widely used across the
whole electromagnetic spectrum [15–17] and can be found in a wide range of applica-
tions, from on-chip photonic filters and biosensors to ultra-low-threshold lasers [18].
SPPs are a special type of electromagnetic wave confined to the surface of conduc-
tors and, as such, can also appear in the form of WGMs [19, 20]. EPs may exhibit
an analogous behaviour.
A detailed study of the EPs supported by nano-disks was presented in section 5.2.3
and 5.3.1. As discussed, Schmidt et al experimentally showed that nano-disk’s EPs
were related to the EPs of a straight edge [21], Fig. 5.7. However, it has so far
been overlooked that bending the edge may lead to a complementary scenario: the
creation of a nano-hole, Fig. 6.1; suggesting that nano-disks and nano-holes can be
understood as particular cases of convex and concave bends, respectively. Previous
experimental evidence of the similarities in the optical response of nano-disks and
nano-holes can be found in [22, 23]. According to Babinet’s principle, transmission
and reflection, electric and magnetic fields, as well as the two polarisation directions
exchange their roles in such complementary structures [24] which are thus closely
related. EP-WGMs circling along the ridges of nano-holes may be expected, owing
to the results presented in the previous chapter. The observation of a dipole mode
localised to the edge of an isolated nano-hole by Degiron et al [25] as well as later
(a) (b) (c)
Figure 6.1: Transformation from (a) a straight metallic edge to a (c) nano-hole following
a (b) concave bend.
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related studies [23, 26] support this idea. Such a mode corresponds to the lower
order EP-WGM of the nano-hole, as will be shown next.
6.2.1 Individual nano-holes
Without loss of generality, a nano-hole with radius r = 160 nm drilled into a
free-standing silver film with thickness t = 30 nm and infinite extent is initially
considered, Fig. 6.2. Its optical response is studied via Finite-Di↵erence Time-
Di↵erence (FDTD) simulations using Lumerical [27], which allows frequency disper-
sive materials intersecting the boundaries of the simulation domain. A Total-Field
Scattered-Field (TFSF) source acts as the excitation. Such a source emits plane
waves whilst enabling the automatic separation of the scattered field from the total
field. From this, obtaining the scattering cross-section  s is straightforward.
Fig. 6.3(a) shows  s normalized to the surface S = 2⇡r(t+ r) of the nano-hole when
illuminated by a Transverse Magnetic (TM) polarised plane wave, which strongly
resembles the nano-disk’s response in Fig. 5.8(b). The main di↵erence is that the
scattering peaks are weaker and broader in the nano-hole case due to the shorter
lifetime (increased damping) of the resonances [22, 23]. This e↵ect is not predicted
by Babinet’s principle which assumes the complimentary structures are made of
infinitely thin Perfect Electric Conductor (PEC) sheets [28] contrarily to ours. For
✓ = 0°, a single maximum arises at 340 THz. Fig. 6.4(a) illustrates the corresponding
magnitude scattered magnetic field distribution Hs at the film input interface, with
Hs = Hw   Hw/o, Hw and Hw/o being the total magnetic field with and without
hole, respectively. The field is concentrated at the edges of the hole and exhibits
t
k
E
TM-pol
 θ
r
/H
TE-pol
Figure 6.2: Structure under consideration and field polarisation. The blue arrow repre-
sents the E-field for TM polarisation and the H-field for TE polarisation.
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Figure 6.4: Hs at the input interface at the indicated resonant frequencies. The angle
of incidence is: (a) ✓ = 0° and (b)-(d) ✓ = 45°.
a dipole distribution. In analogy to the nano-disk case, as the angle of incidence
increases, new resonances arise in the spectrum, Fig. 6.3(a) which correspond to
higher order multipoles, Fig. 6.4(b)-6.4(d). The dipole resonates at approximately
the same frequency as in the ✓ = 0° case (Fig. 6.4(b)). A second and a considerably
weaker third maxima arise at 510 THz and 660 THz as a result of the excitation of
a quadrupole and a hexapole, Fig. 6.4(c) and 6.4(d). Along the same line, higher
order modes are expected at higher frequencies. These results suggest that these
resonances correspond to di↵erent orders of an EP-WGM. The observed asymmetry
in the field profiles can be attributed to the oblique illumination.
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The wavelength  m of the m-th order EP-WGM is related to the perimeter of the
nano-hole by  m = 2⇡r/m, where m is an integer number. To verify this property, a
parametric study of the nano-hole response when ✓ = 45° and varying r is presented
in Fig. 6.3(b). As can be seen, the various scattering peaks red-shift for increasing
r. Despite the higher order resonances are broader in frequency due to higher losses,
the condition for constructive interference along the hole perimeter is satisfied.
6.2.2 2D hole arrays
Nano-holes are often found forming arrays, e.g. for EOT- and metamaterials-based
applications [29–31]. Hence, the analysis of EP-WGMs in this scenario is particularly
interesting.
A 2D square lattice of nano-holes with period a = 400 nm is considered next.
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Figure 6.5: Optical response of a periodic hole array with a = 400 nm. (a) TM polarisa-
tion transmittance, (b) TM polarisation absorption, and (c) TE polarisation absorption.
WA is indicated with dashed lines.
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Fig. 6.5(a) and Fig. 6.5(b) show the angular transmittance and absorption spectra
simulated with the Frequency Domain (FD) solver of CST Microwave Studio when
a TM polarised plane wave impinges the structure. When ✓ 6= 0°, three di↵erent
modes, causing minima (maxima) in the transmission (absorption) spectra, can be
distinguished. These are the 2nd, 3rd and 4th order WGMs, which resonate at 460,
585 and 660 THz, respectively. Fig. 6.6 shows the corresponding normalized Hz at a
mid-plane for ✓ = 5°, which exhibits the expected multipole patterns. These results
are in good agreement with those obtained in the previous section for isolated holes,
although slightly red-shifted due to near-field coupling [22,32,33].
Role of the lattice symmetries
In the previous chapter, the symmetries of the lattice where shown to play a key
role in enabling/disabling light coupling to particular mode orders in nano-disk
arrays, section 5.3.1. Nano-holes EP-WGMs sharing a similar feature follows from
Babinet’s principle. This can be verified by analysing Fig. 6.7. The field distribution
of the EP-WGMs when the lattice is square (4-fold symmetry) and hexagonal (3-
fold symmetry) are respectively shown in Fig. 6.7(a) and 6.7(b). As in the nano-
disks case, the 4-fold symmetry enables the odd-order modes (e.g. the hexapole)
to become bright at normal incidence but not the even-order modes. Similarly,
the 3-fold symmetry prevents the excitation of even-order modes (double reflection
symmetry), in addition to the hexapole, which shares the same symmetries as the
lattice (equivalent to the quadrupole - square lattice case). The symmetry breaking
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Figure 6.7: Influence of the lattice symmetries on the hole array optical response. The
Hz distribution that may arise from the interactions between adjacent holes is shown for
di↵erent EP-WGM orders in a (a) square and (b) hexagonal lattice. Red areas correspond
to positive magnitudes whilst blue indicate negative values. The appearance of a dipole
moment is indicated with a green arrow. (c) Transmittance spectra of a hole array with
t = 5 nm, r = 160 nm, and a = 400 nm for di↵erent lattice/angle configurations. The
number of poles is indicated next to each resonance.
introduced by oblique incident light is required for the remaining dark modes to
become bright, as shown in the transmittance response in Fig. 6.7(c).
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Figure 6.8: Absorption spectra versus t for ✓ = 2° TM incidence.
E↵ect of the film thickness
Fig. 6.8 shows the absorption spectra of a hole array with a = 400 nm, r = 160
nm and varying t. The angle of incidence is ✓ = 2°. The e↵ect of the film thickness
is also equivalent to the nano-disk case. For su ciently thick films, a unique EP-
WGM highly confined to the edge of the input interface is excited; in particular, for
t > 400 nm. This mode gives T = 0, A ⇠ 0.5 and a very low frequency dispersion,
making it suitable for implementing single layer zero transmission absorbers (zero
transmission absorbers usually require two metallic films, one of them patterned,
separated by a dielectric [34]) which may additionally o↵er polarisation selectivity
by choosing the appropriate EP-WGM order. For films with medium thickness (50
nm < t < 400 nm), the input and output interfaces are close enough for an EP-
WGM to evanescently excite the other one, resulting in mode hybridization. Lastly,
for thin films (t < 50 nm), there is a unique mode whose resonant frequency rapidly
decreases with decreasing t. This could be exploited for realising low frequency
compact resonators. The case of t ! 0 is especially interesting. Recent studies on
the plasmonic properties of 2D sheets of monolayer graphene perforated with anti-
dots arrays report a close relation between these and ultra-thin hole-arrays [35].
This suggests that anti-dots may support similar EP-WGMs.
Application to sensors with very high figures of merit
WGMs are particularly well suited for sensing applications thanks to the high Q-
factors of their corresponding resonances [18]. The EP-WGMs investigated in this
thesis also o↵er high Q-factors. For instance, Fig. 6.9 shows the transmittance
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Figure 6.9: Sensing with EP-WGM. We show the variation in the transmittance of a
square hole array with t = 50 nm, r = 160 nm, and a = 400 nm as the refractive index of
the background medium changes from 1 to 1.1.
of an array of nano-holes with t = 50 nm, r = 160 nm and a = 400 nm. The
resonance in that case exhibits Q = 81 and a line-width as narrow as 7.3 nm.
Higher Q-factors are very challenging to achieve, the few cases in which this value
is exceeded often rely on much larger micro-structures [20, 36], whilst line-widths
below 10 nm are considered as ultra-narrow [37]. Additionally, EP-WGMs are very
sensitive to the environment, a sought after feature for Localised Surface Plasmon
Resonance (LSPR) sensors, which are becoming increasingly popular due to their
simplicity, low fabrication cost and ability to probe nano scale sensing volumes and
even observe nearby molecular interactions [38–40].
The quality of a sensor is usually measured via its Figure of Merit (FOM), which
is defined as the ratio of sensitivity to line-width, being below 5-10 in most cases
[39, 40]. In the case depicted in Fig. 6.9, the resonance undergoes a 60 nm shift in
wavelength upon a variation of  n = 0.1 refractive index units (from 1 to 1.1) in
the index of the background medium. Since the sensitivity can be obtained as the
ratio between the wavelength and the refractive index variation S =   / n, this
corresponds to a 600 nm per refractive index unit sensitivity. The combination of
the narrow line-width and high sensitivity provided results in a very e cient sensor
with FOM = 82, which is among the highest values reported to date for plasmonic
sensors [38–40] and the highest for a pure LSPR (higher values were obtained for
coupled localized and distributed modes [41]), with the advantage that no additional
bright mode is required for its excitation.
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Experimental observation of a quadrupole
Since nano-disks and nano-patches studied in chapter 5 exhibited similar EPs, EP-
WGMs are also expected in nano-holes with non-circular shapes. An EP-WGM was
experimentally measured in a metamaterial consisting of a periodic array of square
holes [31]. However, that work was focused on a di↵erent optical band displaying a
negative refractive index and the EP-WGM was overlooked. The zero-transmission
band appearing at approximately 1.6 eV (774 nm) in the band diagram shown in
Fig. 4 of [31] corresponds to a quadrupole EP-WGM. The simulated H-field shows
a quadrupole confined to the hole edges, Fig. 6.10. Note that the zero-transmission
band splits into two as the incidence angle increases. The reason for this is that
the structure presented in [31] consists of two metallic hole arrays (t = 35 nm)
separated by a 30 nm dielectric spacer. As a consequence, the EP-WGM of each
hole array hybridizes resulting in symmetric and antisymmetric modes resonating
at di↵erent frequencies. This analysis explains the results reported in [31] which
in turn experimentally validate the theory of EP-WGMs proposed in this thesis.
Moreover, the band diagram shows EP-WGMs and waveguide modes. In particular,
the first-order waveguide mode corresponds to the transmission band at 667 nm, i.e.
the waveguide is at cut-o↵ at the resonant frequency of the quadrupole EP-WGM.
-1 1
Hz
Figure 6.10: Quadrupole EP-WGM supported by a square array (a = 400 nm) of square
holes of side l = 250 nm milled in a film with t = 35 nm.
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6.3 Propagating surface plasmons
In addition to LSPs, it is well documented that hole-arrays can also support SPPs
propagating along and confined to the metallo-dielectric interface. Light coupling
to these modes is known to originate EOT in sub-wavelength hole-arrays [5]. In
fact, grating coupling is, together with prism coupling, among the techniques tradi-
tionally used for the excitation of SPPs in such planar interfaces, which cannot be
directly excited by a light beam. The periodicity introduced by the hole-array en-
ables momentum matching between light and SPPs which is not possible otherwise.
This can be illustrated by considering the interface formed between two semi-infinite
media with permittivities ✏1 and ✏2, Fig. 6.11. Without loss of generality, the inter-
face is parallel to the x-axis and normal to zˆ. Light propagates across the dielectric
medium (✏1 2 R) towards the metal (✏2 2 C). Assuming a time dependence of the
form exp[j!t], the dispersion relation of the SPPs in such a source free scenario can
be obtained from the following Maxwell’s equation in phasor form
r⇥ ~H = j! ~D. (6.1)
Since SPPs are TM in nature (Transverse Electric (TE) solutions don’t allow field
confinement to the interface [42, 43]), they are better described by their in-plane
magnetic field component
Hy = H0f(z) exp[ jkxx], (6.2)
where kx is the in-plane complex propagation constant, H0 is a normalization con-
stant and the propagation is assumed to be along xˆ. The term f(z) describes the
z dependence of the magnetic field so that it exponentially decays with increasing


1
2
... ...
..
.
Figure 6.11: Metallo-dielectric interface.
144
0.5 1.5 2.5 30
0.1
0.2
0.3
0.4
0.5
0.6
0.7
ω
ω

k
r
c/ω

0 1 2
SPP
Li
g
h
t
Figure 6.12: Dispersion relation of a SPP propagating across a flat air-silver interface.
The light line is shown in green.
distance to the interface. Additionally, f(z) must guarantee that Hy is continuous
at the interface (z = 0). Therefore, f(z) can be written as
f(z) =
8<: exp[kz1z], z < 0exp[ kz2z], z > 0 (6.3)
where kzi with i = 1, 2 are the wavevectors in the two media and fulfil the equality
k2zi = k
2
x   ✏ik20. (6.4)
Combining (6.1) and (2.7), the non-zero components of the electric field are
Ex =
j
!✏0✏i
@Hy
@z
, (6.5)
Ez =   kx
!✏0✏i
Hy. (6.6)
After some simplification, the tangential component of the E-field in each medium
can be written as
Ex =
8<: j!✏0✏1kz1Hy, z < 0 j
!✏0✏2
kz2Hy, z > 0
(6.7)
Enforcing continuity of Ex across the interface yields
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kz1
kz2
=
 ✏1
✏2
. (6.8)
Finally, the dispersion relation of SPPs can be obtained combining (6.4) and (6.8).
This is [43]
kx = k0
r
✏2✏1
✏2 + ✏1
. (6.9)
The dispersion relation in the real k   ! plane of the SPPs supported by an air-
silver interface given by (6.9) is depicted in Fig. 6.12. The dispersion curves of the
SPPs lie at the right of the light-line, prohibiting momentum matching and in turn
coupling.
6.3.1 Thin metallic films in asymmetric environments
The dispersion relation of SPPs may be dramatically di↵erent when considering a
bounded thin finite metal film instead [44]. If the thickness of the film is smaller
than the attenuation length, coupling between the SPPs on the upper- and lower-
interfaces results in the formation of two hybrid modes with thickness-dependent
dispersion relation and opposite field distributions, termed the LR- and the SR-SPP,
respectively. For thick films, these modes become degenerate and their dispersion
relation tends towards that of the SPP of a single flat interface which is described
by (6.9) [43].
A finite thin film of thickness d and complex permittivity ✏2 bounded by semi-infinite
dielectric media of real permittivity ✏1 and ✏3 is considered, inset of Fig. 6.13(a).
The associated dispersion relation shows a complex behaviour and cannot be solved
analytically. For the symmetric case (✏1 = ✏3), the LR- and SR- modes can be studied
separately [43]. An approximate solution for the LR-SPPs dispersion relation can
be found in [8]. However, a simple closed-form solution to analyse SR-SPPs is
yet to appear. If such a solution is to be available, the spectral position of the
SR-SPP resonances could be readily obtained. These resonances have been recently
exploited in a wide variety of applications [9–13]. For instance, it has been recently
reported that SR-SPPs play a key role in EOT and in the design of absorbers [45],
polarisers [7] and colour filters [46, 47]. Likewise, they have also shown promise
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in biosensing [48] and for implementing plasmonic waveguides [49]. Therefore, the
solution reported in this thesis has the potential to significantly simplify and speed-
up the design process of these devices while providing an intuitive understanding of
the e↵ect of the geometry on the excitation of these plasmons.
Simple analytical solution to short-range surface plasmons
In the following and without loss of generality, the example presented in the inset of
Fig. 6.13(a) is considered. The magnetic tangential component of SPPs propagating
along x is described by (6.2), whilst the non-vanishing E-field components are given
by (6.5) and (6.6). As before, the term f(z) describes the z dependence of the
magnetic field. This has to be chosen so that a) the fields are confined to the interface
and b) the boundary conditions are satisfied. Therefore, f(z) can be written as [50]
f(z) =
8>>><>>>:
exp[kz1z], z < 0
cosh (kz2z) +
kz1✏2
kz2✏1
sinh (kz2z), 0 > z > dh
cosh (kz2d) +
kz1✏2
kz2✏1
sin (kz2d)
i
exp[ kz3(z   d)], z > d
(6.10)
where j = 1, 2, 3 indexes the three media.
Forcing continuity of the tangential electric component, the following dispersion
relation is obtained [50]
tanh (kz2d)(✏1✏3k
2
z2 + ✏
2
2kz1kz3) =  kz2✏2(✏1kz3 + ✏3kz1). (6.11)
This transcendental equation can only be solved numerically. If the thickness is
small enough so that |kz2d| ⌧ 1, by means of a Taylor series expansion up to first
order, the hyperbolic tangent in (6.11) can be simplified to
kz2d(✏1✏3k
2
z2 + ✏
2
2kz1kz3) =  kz2✏2(✏1kz3 + ✏3kz1). (6.12)
For a fixed frequency, the propagation constant of the SR-SPPs is far smaller than
that of the SPP of each single flat interface, which is given by (6.9). That is,
SR-SPPs satisfy the inequality kx ⌧ kSPPxj for j = 1, 3. This inequality can be
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expressed as kz2/✏2 ⌧ kzj/✏j. As a result, the first term of the left hand side of
(6.12) becomes negligible and it can be reduced to
d✏22kz1kz3 =  ✏2(✏1kz3 + ✏3kz1). (6.13)
A similar reasoning can be applied to the LR-SPPs, where the term ✏1✏3k2z2 may be
neglected.
Assuming ✏1 6= ✏3, the wavevector in medium 3 can be written as a function of that
in medium 1, i.e.
kz3 =
q
k2z1 + k
2
0 , (6.14)
where   = ✏1   ✏3 may take any real value. In this sense, (6.13) can be expressed
as a function of a single variable, kz1 . Additionally, if |k20 /k2z1 | < 1, a further
simplification of the square root in (6.14) can be performed by means of a Taylor
series expansion up to first order. Subsequently, a monic cubic equation, (6.15),
with coe cients p = (2✏1   )/(d✏2), q = k20 /2 and r = k20 ✏1/(2d✏2) is obtained
k3z1 + pk
2
z1 + qkz1 + r = 0. (6.15)
Such an equation can be solved analytically using the cubic formula. The associated
root corresponding to the SR-SPP is given by
kSRz1 =  
p
3
+ A  3q   p
2
9A
, (6.16)
where
A =
( 2p3 + 9pq   27r +B)1/3
3 3
p
2
, (6.17)
and
B = 3
p
3
  p2q2 + 4q3 + 4p3r   18pqr + 27r2 1/2 . (6.18)
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Finally, the complex propagation constant of the SR-SPPs can be obtained via the
combination of (6.4) and (6.16)
kSRx =
r 
kSRz1
 2
+ ✏1
⇣!
c
⌘2
. (6.19)
Numerical example: short-range plasmons of a thin silver film
Next, a numerical example is studied. The dispersion relation of a d = 15 nm silver
film when a vacuum superstrate (✏3 = 1) and a glass substrate are considered (✏1 =
2.25) is depicted in Fig. 6.13(a). Additionally, the free-standing case (✏1 = ✏3 = 1) is
shown in Fig. 6.13(b), and a higher contrast case (✏3 = 1 and ✏1 = 11) in Fig. 6.13(c).
For the sake of comparison, the approximate solution of the dispersion relation of the
SR-SPPs according to (6.16)-(6.19) appears superimposed to the numerical solution
of (6.11). In the short-k range, the agreement is excellent for both the asymmetric
(✏1 6= ✏3) and the symmetric (✏1 = ✏3) environments, even when the contrast is as
high as   = 10. The second mode arising at higher frequencies corresponds to the
LR-SPP. The dispersion curves of both the LR- and SR-SPPs lie at the right of the
light-lines and hence, cannot be directly excited by normally incident light impinging
from the dielectrics [43]. The required extra momentum can be provided via grating
coupling [51], as in the case considered later in section 6.3.2. To further evaluate
the accuracy of the derived closed-form, the insets of Fig. 6.13(b) and 6.13(c) show
the percentage deviation of the approximate analytical solution from that obtained
by numerically solving (6.11) in each case. Small discrepancies arise towards the
long-k range, where |kz2d|⌧ 1 is not perfectly fulfilled. The maximum error, which
corresponds to the case   = 10 is below 11%.
The symmetric case, Fig. 6.13(b), is merely a special case of the most general asym-
metric configuration. In this scenario, the dispersion relation can be directly ob-
tained by simplification of the cubic equation (equating   to zero); (6.15) becomes
linear and the solution simplifies to
kSRz1 =
 2✏1
d✏2
. (6.20)
As in the asymmetric case, the wavevector can be substituted in (6.19) to obtain
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Figure 6.13: Dispersion relation of a 15-nm-thick silver film (gray scale) when the film
is (a) sandwiched between dielectrics with ✏1 = 2.25 and ✏3 = 1 , (b) free-standing (✏1 =
✏3 = 1), and (c) when ✏1 = 11 and ✏3 = 1. Darker colours correspond to the roots of the
dispersion relation. The light lines in the di↵erent dielectrics are shown as green dotted
lines. The approximate solution for the SR-SPP is indicated by the white dashed line.
Inset (a): Metallic film with thickness d and permittivity ✏2 sandwiched between two
semi-infinite dielectric media with ✏1 and ✏3. Inset (b)-(c): Percentage deviation from the
numerical solution in each case.
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Figure 6.14: (a) Proposed geometry. The plane-wave impinges from  zˆ. (b) Closed-
form (dashed lines) and simulated (solid lines) resonance frequencies of the lower order
modes when the superstrate is vacuum (✏3 = 1) and the contrast between this and the
substrate is   = 0   4. The geometrical parameters are: d = 15 nm, r = 20 nm and
a = 500 nm. Inset: approximate dispersion relation of the SR-SPP modes for   = 0  4.
Lighter shades correspond to smaller contrasts.
the propagation constant of the SR-SPPs, Fig. 6.13(b). Note that (6.20) agrees with
that reported by Raether in [43] after approximating the hyperbolic tangent by its
Taylor expansion.
6.3.2 Short-range plasmons in hole arrays
A square grating of sub-wavelength holes with radius r = 20 nm and periodicity
a = 500 nm perforated in a t = 15 nm film is considered next, Fig. 6.14(a). Such
periodic array imparts the necessary additional momentum to the impinging light
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for the excitation of SPPs yet supports the propagation of SR-SPPs. The in-plane
component of the momentum is
|k||| = |(kLx ± nG)xˆ+ (kLy ±mG)yˆ|, (6.21)
where G = 2⇡/a is the reciprocal lattice constant and kLx and kLy , the x and y
components of the incident light momentum. Considering that the equality kx = k||
must be satisfied in order to excite SPPs, and that (6.16) holds, the frequencies at
which an incoming TM polarised plane wave will couple to the SR-SPPs can be
obtained analytically by the solution of the two simultaneous equations.
To illustrate this, Fig. 6.14(b) shows the resonant frequencies of the two lower order
SR-modes for di↵erent permittivity contrasts  , maintaining ✏3 = 1. To validate
the approximation, the SR-SPP resonances calculated using (6.16)-(6.19) are super-
imposed to the simulated ones. The simulated resonant frequencies are obtained
from the spectral position of the absorption maxima as given by CST Microwave
Studio. The cut-o↵ frequency of the holes can be calculated from (5.9), by sim-
ply exchanging the roles of the dielectric and the metal. For r = 20 nm empty
holes, !co/!p = 1.62, which is far above the upper frequency limit considered here.
Therefore, the holes do not support any propagating modes and it is reasonable to
consider them as weak scatterers. As shown in Fig. 6.14(b), the derived solution
predicts accurately the spectral position of the absorption peaks independently of
the permittivity contrast between both surrounding dielectric media. Increasing
the contrast leads to a red-shift on the mode resonances, which can be explained by
looking at the inset of Fig. 6.14(b). There, it can be seen how for a fixed propagation
constant, higher   results in the mode arising at lower frequencies.
The same 2D square grating is subsequently embedded in a symmetric environ-
ment (✏1 = ✏3). Such a configuration can be experimentally realized by fabricating
symmetric samples or, more commonly, including index matching liquids [52–54].
Fig. 6.15(a) shows the simulated angular absorption spectra when a plane wave is
impinging from (' = 0°, ✓ = 0   30°). There, it can be observed that the derived
solution is also accurate in the case of oblique illumination. Owing to the oblique
incidence, there is an extra in-plane component to the wavevector and the SR-SPPs
hybridize into even and odd order modes, as shown in the scattering spectra. To
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Figure 6.15: (a) Simulated angular absorption spectra at the ' = 0° plane. Lighter
colours correspond to higher values of absorption. The superimposed green lines indicate
the theoretical resonance frequencies of the (n,m) order SR-SPP. (b) Normalized |Hy|
distribution at the xz plane for !/!p = 0.22 and normal incidence. (a)-(b) d = 15 nm,
a = 500 nm and r = 20 nm
verify that the excited SPP is indeed the SR-SPP, Fig. 6.15(c) shows the magnitude
of the parallel component of the magnetic field, Hy, normalized to its maximum at
!/!p = 0.22 and normal incidence. As expected for the SR-SPPs, Hy is zero at the
center the metal film.
Thus far, any e↵ects due to the holes, other than providing a mechanism for the
excitation of SPPs, have been neglected. The e↵ect of increasing the size of the
apertures is investigated in Fig. 6.16(a). As it can be seen, for larger holes, the
simulations increasingly deviate from the theory due to the limited validity of the
empty lattice approximation. The red-shift of the resonances with respect to the
predictions has been extensively studied in the literature [55–57] and is out of the
scope of this thesis.
The thickness of the metal film plays a key role in the dispersion relation of thin
films and thus, in the excitation of SR-SPPs. Moreover, the approximation derived in
this work is thickness-dependent and remains valid as long as |kz2d|⌧ 1. Therefore,
the estimated spectral position where resonance occurs is more accurate for thinner
films, as confirmed by Fig. 6.16(b). Above a critical thickness, the SR- and LR-SPPs
are uncoupled and converge to the SPP mode of the single interface, (6.9), which
153








ω
ω




±
±

   
 
ω
ω






ω
ω

k
r
c/ω







 





Figure 6.16: Absorption at (' = 0°, ✓ = 5°) incidence for a grating with a = 500 nm (a)
vs. hole radius when d = 15 nm; (b) vs. film thickness when r = 20 nm. The predicted
dispersion curves are shown as green dashed lines. (c) Dispersion relation of a 300-nm-
thick silver film. The light line is shown as a green dotted line. The approximate solution
is indicated by the white dashed line and that of the single interface by the white dotted
line.
is not well described by (6.20). To illustrate this, the dispersion relation given
by (6.11) is solved for a t = 300 nm film. The predicted normalized dispersion
curve of the SR-SPP according to (6.20) and that of the single interface appear
superimposed to the numerical solution of (6.11) in Fig. 6.16(c). The LR- and
SR-SPPs are degenerate in this case and (6.9) is more accurate for describing the
overall behaviour.
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6.4 Conclusion
Metallic apertures have been intensively studied since the first observation of EOT.
They can provide a negative index of refraction [31], which may be employed in
turn for perfect imaging [58] or light storage [59]. The results presented in section
6.2 provide new insight into the fundamental physics behind the unique optical
response of both individual nano-holes and 2D arrays. We showed that nano-holes
can support EP-WGMs [J8]. Despite such modes can strongly influence the spectral
response and allow explaining previous experimental results found in metamaterials,
they had been overlooked so far. As an example, by including the EP-WGMs, we
were able to fully interpret the band diagram of the fishnet structure reported in [31].
Therefore, understanding EP-WGMs is crucial to better explain the optical response
of nano-hole based plasmonic devices, as well as to prevent interference that may
degrade their intended performance. Our results suggest a close relation between
these modes and the nano-disks’ EPs investigated in chapter 5. Their potential
applications include zero-transmittance absorbers with only a single metal layer
and high performance sensors for detecting nanoscale analytes and/or observing
molecular interactions.
In section 6.3, we focused on propagating SR-SPPs and derived a simple expression
for calculating their dispersion relation in both symmetric and asymmetric environ-
ments [J9]. The proposed closed-form can be used to predict the resonances associ-
ated with this type of modes and hence ease and speed-up the design of SR-SPPs
based applications [9–13]. The dispersion curves estimated with the proposed ap-
proximation and those obtained by numerically solving the transcendental equation
for finite metal slabs found an excellent agreement in the short-k region. The de-
rived equation was subsequently applied to calculating the resonant frequencies of a
2D array of sub-wavelength holes (section 6.3.2). Within the empty lattice approx-
imation limitations, the estimated and simulated resonant frequencies were in very
good agreement for normal and oblique incident light. Our solution remains valid
as long as |kz2d| ⌧ 1. Above a critical thickness, the SR- and LR- modes become
degenerate and the dispersion curves converge to that of a single smooth interface,
as suggested by the simulations.
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7
Conclusion
This thesis has aimed to be used as a tool for researchers dealing with the electro-
magnetic response of 2D periodic arrays of passive elements in both the mm- and
nm- wavelength range. Novel configurations (form-birefringent waveplates including
those exploiting Gradient Index (GRIN) optics and conformed to curved surfaces,
optical Partially Reflecting Surfaces (PRSs) for Leaky-Wave (LW) nano-antennas
and frequency selective arrays of nano-particles and nano-holes) and analysis meth-
ods (Jones’ and Berreman’s formalisms, an adaptation of classical thin films theory,
numerical simulations using CST Microwave Studio and Lumerical and derived an-
alytical approximations) of these structures have been presented driven by di↵erent
requirements and contributing to the development of future antenna systems.
Motivated by the di↵erent response of materials and the requirements of the intended
applications in this two frequency regimes, the thesis has been structured in two main
parts; chapters 2 and 3 focus on mm-waves, whilst chapters 4-6 deal with nm-waves.
Similarly, dielectric structures for high power systems are reported in chapters 2 and
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3, whilst metallic structures are studied in chapters 4-6.
At low frequencies, all-dielectric structures are more suitable for high power appli-
cations than their metallic counterparts, whilst simultaneously addressing oxidation
and corrosion problems intrinsic to metallic structures. Motivated by the utilisation
of periodic arrays in antenna systems for Ka-band satellite communications, where
the abovementioned constrains constitute real problems, in chapter 2, we set up
the theoretical framework necessary for their synthesis and analysis in the shape of
form-birefringent all-dielectric waveplates. We have further provided guidelines to
evaluate the most appropriate analytical method to use, based on the complexity
of the design and the desired accuracy. The proposed artificial waveplates enable
similar performance to optical waveplates but in the microwave regime, where the
availability of natural birefringent materials and the exhibited level of birefringence
are restricted. Two topologies of a Linear Polarisation (LP)-to-Circular Polari-
sation (CP) polarisation converter have been proposed: a) based on periodically
cascading 2 dielectric media (chapter 2) and b) based on periodically cascading a
GRIN media (chapter 3). The latter allow up to 70% lateral size reduction com-
pared to those in chapter 2, without compromising the realised Axial Ratio (AR),
bandwidth and Insertion Loss (IL). Several techniques are currently available for
fabricating such GRIN waveplates, among which only the index discretisation has
been explored here. Future work shall focus on exploring other manufacturing alter-
natives (e.g. additive manufacturing [W1]). Likewise, the utilisation of asymmetric
GRIN profiles may be particularly interesting since they would ease integrating the
waveplates with other devices, such as dielectric lenses.
A report of the experimental results of a) was published in [J1, C1], whilst the ana-
lytical and numerical results of b) were published in [J3]. The limitation of the single
layered structures comes in the form of a limited bandwidth; this was addressed by
combining several waveplates with tailored values of thickness and relative rota-
tions. We reported a novel structure proving a 2-fold bandwidth broadening. The
proposed design and its corresponding experimental results are being prepared for
publication in [J2]. Similar multilayer solutions may be adopted for obtaining di↵er-
ent frequency responses to those explored here, e.g. dual- or multi-band. Likewise,
the proposed analytical models may be extended to account for o↵-normal wave
propagation providing a straightforward tool for the evaluation of the angular sta-
163
bility. Additionally, the waveplates can be easily modified to operate in reflection
by the introduction of a Ground Plane (GP), which is particularly interesting for
their integration with reflector antennas.
The proposed LP-to-CP polarisation converter was conformed onto half of the sur-
face of a discretised hemispherical LL. The system has proved to o↵er high direc-
tivity, high polarisation purity, low SLL and compactness within the 26.5–40 GHz
frequency range (AR < 3 dB). The results included in the initial study reported in
this thesis suggest that this type of integrated antennas are a promising alternative
to current CP reflectors and will be the focus of a future publication [J4]. Further
investigations in this respect may be of high interest.
The second part of this dissertation consists of three chapters comprising a detailed
analysis of the spectral response of nm-scale particles arranged in a 2D planar con-
figuration. The principles used to design mm-scale structures have been revisited to
account for the fundamental di↵erences caused by the change in the electromagnetic
response of metals at Near Infrared (NIR) frequencies (e.g. losses, field penetration
and Surface Plasmon Polaritons (SPPs)). The studies presented here were primarily
driven by the current demand to increase/control the radiation of optical sources. In
this context, chapter 4 serves as a guideline to introduce a novel LW nano-antenna
whose response is not bound to plasmonic e↵ects, whereas chapters 5-6 present fun-
damental investigations that may contribute towards setting up the basics of future
nano-antenna designs.
In this sense, in chapter 4, a novel Fabry-Pe´rot (FP) LW nano-antenna was demon-
strated through numerical simulations combined with the reciprocity theorem. The
proposed nano-antenna has been miniaturised to operate in the NIR. Of particular
importance in the design process were the reduction in cavity height and the spe-
cific response of the PRS, which may exhibit bands of minimum reflectivity. These
band-scan significantly degrades the performance of the nano-antenna. Depending
on the polarisation of the source, our study has identified the plasmonic Brewster’s
angle and the excitation of Edge Plasmons (EPs) as being ultimately responsible
for this unwanted e↵ect. Appropriate considerations can be taken during the syn-
thesis process to avoid this issue. In preparation for a practical realisation, we also
investigated e↵ects coming from asymmetric dielectric environments. The designed
LW nano-antenna still o↵ers a good performance in this scenario. These results are
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intended to provide guidelines for frequency tuning the nano-antenna in preparation
for its integration with real optical sources (e.g. quantum dots). The results of this
study were published in conference [C3] and journal [J5].
Driven by the abnormal response of the PRS reported in chapter 4, the electro-
magnetic properties of plasmonic nano-particle gratings were further investigated in
chapter 5. There, the Localised Surface Plasmons (LSPs) supported by nano-rods,
nano-disks and nano-rings were considered. Despite there are numerous studies
dealing with the plasmonic response of such nano-particles, most of them focus on
isolated elements or limit to normal incident light excitation [1–4]. Our results indi-
cated that the symmetry breaking introduced by o↵-normal illumination and/or the
presence of the lattice are key mechanisms for light coupling to certain modes. Three
di↵erent types of LSPs dominating the electromagnetic response of the arrays were
identified: a) cavity modes related to waveguide modes, b) EPs highly concentrated
to the nano-particles’ ridges and c) FP modes. The latter are particularly important
since they can produce very high electric and magnetic field enhancements (strongly
resembling magnetic loop antennas), a sought-after feature in optics, where typical
materials are magnetically inactive. Initial results of b) were reported in conference
[C4], and a more detailed analysis has been recently submitted for its publication
in [J6]. The results of c) were featured in journal [J7].
In chapter 6, our study was extended to analyse the electromagnetic response of indi-
vidual nano-holes and 2D hole-arrays. Depending on their degree of localisation, two
di↵erent types of modes were identified: a) EP-Whispering Gallery Modes (WGMs)
showing a close relation with nano-disks EPs analysed in chapter 5; and b) prop-
agating SPPs enabled by the connecting metallic film. EP-WGMs were shown to
strongly dominate the scattering properties of hole-arrays. For instance, they al-
lowed us to re-interpret previous experimental results found in metamaterials. The
potential applications investigated included zero-transmittance absorbers and high
performance sensors.
Propagating SPPs supported by thin metallic films, as those considered in this
thesis, hybridize in Long Range (LR-) and Short Range (SR-)SPPs. Whereas an
analytical solution for solving the dispersion relation of LR-SPPs is available in [5],
in the case of SR-SPPs, it had to be solved numerically. We extended that work
by deriving a simple and accurate approximated closed-form for rapidly solving the
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relation dispersion of SR-SPPs with the aim of easing the design of future SR-SPPs
based devices. The validity range of the assumptions used throughout the derivation
was also studied and discussed. Comparison with numerical simulations suggested
that the proposed closed-form provides an accurate and fast tool for calculating
the frequencies at which light couples to SR-SPPs supported by a 2D array of sub-
wavelength holes. A report of the results of a) has been submitted to journal [J8],
whilst the derivation of the closed-form of the SR-SPPs dispersion relation was
published in [J9].
Overall the results of this thesis have been well embraced by the scientific community,
as evidenced by the 5 peer-reviewed journal publications in IEEE Wireless and
Microwave Component Letters, IEEE Photonics Journal, Nano Letters and Applied
Physics Letters, together with the 4 peer-review international conferences in the
frame of metamaterials and antennas.
7.1 Future work
To conclude, several areas of this thesis into which further studies may be promising
for the development of high frequency antenna systems are summarised.
7.1.1 All-dielectric gratings for mm-wave applications
The all-dielectric form-birefringent waveplates presented in this thesis (chapter 2)
were designed to operate solely in transmission. Nonetheless, the use of reflector
antennas, where energy radiated by a feed (e.g. a horn) is focused and redirected
by a reflecting surface, is very common for long range communications, as they can
o↵er medium to high directivity values. Metal-based polarisation converters operat-
ing in reflection, enabling their integration with reflecting surfaces, can be found in
the literature. A comparison of some of these designs with our all-dielectric form-
birefringent waveplates was given earlier in this thesis. It has been stressed that,
depending on the specifications of each particular application, the use of metal-
lic or all-dielectric polarisation converters may be desirable. Nonetheless, a third
alternative that has not been investigated to date is the modification of our form-
birefringent all-dielectric waveplates to include a ground plane so that they can
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operate in reflection. To this end, extending the analytical models presented here,
would be of particular interest.
Regarding the use of gradient index materials for circularly polarised antennas (chap-
ter 3), the two structures reported, namely a compact gradient index linear-to-
circular polarisation converter and a circularly polarised Luneburgh lens, have yet
to be realised experimentally. In preparation for this, the discretisation of both the
waveplate and the lens has been considered in this thesis. A di↵erent approach
which may ease fabricating such devices would consist in 3D printing the structures.
A gradual index distribution could be obtained by drilling, or directly 3D printing,
a lattice of empty holes on the dielectric so that the e↵ective index of the material
would be proportional to the filling fraction. Spatially varying the filling fraction
could be achieved by simply changing the radius of the holes or the period of the
lattice. Investigating further in this direction may be promising.
7.1.2 Metallic grating for nm-wave applications
The performance of the leaky-wave nano-antenna reported in chapter 4 was only
validated numerically. Special emphasis was made on the e↵ect that varying its
geometrical features has on the antenna performance, with the aim of providing
guidelines for frequency tuning the nano-antenna to other operating frequencies in
preparation for an experimental realisation. To this end, the next step would be
adapting the antenna to available optical sources, e.g. group III-IV quantum dots
or vacancy centre defects on diamond.
As per the arrays of nano-particles and complementary hole-arrays (chapters 5 and
6), it would be of most interest to analyse in further detail the role of the lattice
in enabling/disabling certain localised surface plasmon modes. Having a theoretical
framework describing the interaction in between lattice and unit-cell symmetries
would allow us to make accurate predictions on light coupling to those modes, and
hence on the electromagnetic response of the arrays. This is not to say that there
are not other areas that could be explored further, e.g. regarding the application of
the hole-arrays as sensors or absorbers; nonetheless, due to its wider applicability
and generality, the author is of the opinion that such a theoretical model would be
of particular relevance.
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